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Preface
Following studies on black hole dynamics and geophysical fluid
dynamics I began a postdoctoral fellowship in the Theoretical
Physics Institute at the University of Alberta.  Almost a year into that
postdoctoral fellowship was my first encounter with porous media.
In attempting to study multiphase flow in porous media I noticed that
the equations being used were not self consistent.  I had no idea of
the journey that lay ahead and how many other theoretical physicists
would be drawn in to the completion of this journey.  This work led
to an AOSTRA chair in geophysics at the University of Alberta and
about 24 years of research in this field.  I suppose the most intriguing
part of the story is how engineers and technologists have been able to
use the results of what was pursued as academic research to construct
new technologies, patents and companies.

The starting point of this work is the premise that a physical theory
should be complete and self consistent.  Furthermore, the laws of
physics as stated in terms of fundamental physical quantities (e.g.,
Stress, momentum, energy etc.) should be universal.  In order to
adhere to this premise it is convenient to start with the simplest
systems possible.  The toughest part of this journey has been to
remain an impartial observer and not to form a prejudice ahead of
time.  Every prejudice I have attempted to impose on the theory or
guess that I have made ahead of time has turned out to be wrong.

I have had the pleasure of working on all aspects of the physical
theory presented in this book.  Although it must be made clear that
many other people have contributed through discussions, criticism
and the construction of large parts of the physical theory reported on
in this book.

A description of the contributions that a number of people made
towards constructing the physical description of porous media
follows.  V. de la Cruz made contributions to every topic discussed in
this book.  M.B. Geilikman was the first to recognize that new
physical processes such as porosity diffusion were predicted by the
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equations.  P.N. Sahay made important contributions to the seismic
theory and to the thermodynamics.  C.J. Hickey has done extensive
work on the poromechanics and on the relationship between theory
and experiment.  N. Udey did fundamental work on the construction
of the miscible theory, the thermodynamic automaton and most
recently to porosity wave propagation.  R.C. Sharma and J.E.
Eastwood made contributions to the immiscible flow theory and
phase transitions.  D.K.F.S. Shim and D. Yang worked on the
development of the Automata.

I am extremely grateful to Don Williams for all the work that he did
on the word processing, formatting and corrections.  I wish to thank
Bryant Moodie for suggesting that I undertake the task of writing this
book.  The Proceedings of the Royal Society of London permitted the
reprinting of work on the thermodynamics of porous media and the
thermodynamic automata.

Finally I would like to thank Brett Davidson and Maurice
Dusseault for their moral support that made this book possible.



Chapter I

Introduction

i Terminology and Objectives

The terminology used to describe porous media in many cases, is
inconsistent and somewhat confusing.  In an attempt to avoid
difficulties associated with terminology and notation, the following
conventions for describing the scale associated with the physical
theory will be adopted.  Microscale will be used to refer to the
molecular scale; macroscale will be used to describe the scale at
which continuum mechanics is valid (e.g., fluid dynamics within the
pores and elasticity at the scale at which volume elements are
completely within the solid matrix); and megascale will be used to
describe motions at a scale sufficiently large with respect to the scale
at which the materials are mixed macroscopically that interacting
continuum equations can be used.  Thus megascale will be used to
describe a scale orders of magnitude larger than the pore scale (with
it being assumed, for the present, that no additional structure is
introduced between the pore scale and the megascale).  Intermediate
scales, larger than the microscale for which clear macroscopic
continuum equations cannot be established, will be referred to as a
mesoscale.  Similarly intermediate scales larger than the macroscale
for which clear megascopic continuum equations cannot be
established will also be referred to as a mesoscale.

Some new megascopic variables which appear in porous media
theories are saturation, porosity, megascopic concentration and
megascopic capillary pressure.  Here saturation is the megascopic
volume fraction of a phase which is macroscopically segregated.
Porosity is the volume fraction of space which is void of solid.
Concentration will simply be defined as the mass fraction of a
particular phase per unit volume; thus megascopically it will be a
composite of pore scale concentration and megascopic saturation
information.  Capillary pressure will refer to the pressure difference
across fluid interfaces at the pore scale.  Megascopic capillary
pressure will refer to the average pressure difference between fluids
at a scale orders of magnitude larger than the pore scale.
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The objective of this book is to start at a scale, at which the basic
physical theory is clearly understood, and proceed up in scale for
very simple physical systems.  All direct reference to the smaller
scale is then eliminated from the description.

ii Tensor Analysis

Tensors are mathematical objects which are extremely useful in the
description of physical processes.  In particular covariant tensor
analysis allows one to construct equations in coordinate independent
notation.  Of course this usefulness arises from the fact that
coordinates are simply a bookkeeping artifact imposed on the
recording of a physical process.  Since coordinate systems play no
role in the actual physics, covariant tensor analysis supplies a very
useful tool for simplifying physical equations by stripping them of
unnecessary mathematical baggage.

In their pure mathematical form, tensors are multilinear functional
mappings from vector spaces onto the real numbers.  In physical
theory, on the other hand, they are used for writing physical
equations in their simplest form.  In the present discussion one
objective is to separate the mathematical formalism from the physical
theory.  This is accomplished by first constructing the mathematical
description of tensors and then separately considering the usefulness
of this formalism in the description of physical processes.

The starting point is the definition of a vector space.

Definition
A vector space, V, is a set of elements called vectors on which an
operation, +, called addition is defined satisfying:

a) for every two elements u,  v  ∈ V  there corresponds a unique
element of V called their  sum, denoted by u+v .

b) vector addition is associative, i.e., (u+v)+w = u+(v+w )

c) ∃ a zero vector denoted o for which  u+o = u   ∀ u ∈ V
d) ∀ u ∈ V  ∃ a vector denoted -u for which u +(-u) = o
e) vector addition is commutative u+v = v +u
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Also for any real number α and any vector u ∈ V  ∃ a unique
element of V, denoted αu.  This operation is called scalar
multiplication and must satisfy:

a) 1 u = u (1.1)
b)  (α+β)u = α u + β u  (1.2)
c) α(u+v) = α u + α v (1.3)

d) (αβ)u = α(βu) (1.4)

Definition
A subspace of a vector space V is any subset W of V which is also a
vector space.

The present discussion will be restricted to three- and four-
dimensional vector spaces since the objective will be to describe
physical equations in either three-dimensional space or four-
dimensional space-time.

Definition
In a four-dimensional vector space (say space time), the vectors
u1,  u 2,  u 3,  u 4 are considered to be linearly independent if
α1u1 + α2u2 + α3u3+ α4u4 = o  can only be satisfied when
α1= α2= α3= α4 = 0.

Definition
A basis of a 4-dimensional vector space V is any set of four linearly
independent vectors that are elements of V.

It is useful to note that any vector in a vector space can be writ ten as
a linear combination of a basis in a unique way.  The scalars
multiplying each of the basis vectors are the components of the
vector with respect to the chosen basis vectors, e.g.,
u = u1 e1 + u2 e2  + u3 e3 + u4 e4 where e1,  e 2,   e3,  e 4  is a basis
and u1 ,  u2 ,   u3  ,  u4  are the components of the vector u.  Elements
of the vector spaces defined above are called contravariant vectors.
If e1

 ' ,  e 2
 ' ,  e 3

 ' ,e4
 '  is a second basis, then one may relate the two sets of

basis vectors since ei
 ' = ai

1 e1 + ai
2 e2 + ai

3e3+ ai
4 e4.  Using the
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Einstein summation convention one may write ei
 ' = ai

j ej and similarly

ej = bj
i ei

 ' .  Thus one obtains ej = bj
i  ai

k ek which yields bj
i  ai

k  = δj
k
.

Dual Spaces
Consider a set of real valued linear functions on the vector space V,
i.e., mapping elements of V onto the real numbers.  Thus if m is such
a function then m(u) is a real number.  The linearity of these
functions requires that m(u+v)= m(u) + m(v) and m(αu)= α m(u)  .

Definition
Addition of two linear functions m, n from this space is given by
(m + n)(u)= m(u) + n(u)  and scalar multiplication is given by
(αm)(u)= α m(u)  .

This set of linear functions forms a linear space, V*, called the space
dual to V.  The elements of V* are called covariant vectors and V* is
a vector space.

If one now considers a vector u from the vector space V and a linear
function m from the dual space V* then one may write

m(u) = m(ui ei )
          = ui m(ei )

     = ui mi (1.5)

where mi = m(ei ).  Thus m maps the i’th basis vector ei onto the real
number mi.

Definition
The linear functions e*  i map onto the i’th component of each vector
in the vector space V expressed in terms of the basis vectors

e1,  e 2,  e 3,  e 4, e.g., e*  i(u ) = ui and e*  i(ej ) = δj
i
.

Note that  mie
*  i expresses the components of a vector m* from the

vector space V* in terms of the image of the basis vectors ei
  in V

given by  e*  i in V*.  The proof that e*  i is a basis for the vector space
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V* is straightforward.  It is also important to note at this point that if
one takes the dual of the covariant vector space V* then one obtains a
contravariant vector space equivalent to V.

Tensors may now be formed by taking the tensor product of vector
spaces.

Definition
The Cartesian product of any two sets A and B is given by AXB =
{(a,b)|a∈A, b∈B}.

Definition
The tensor product of two four-dimensional vector spaces V and W
is denoted V⊗W and can be written in terms of the Cartesian product

and dual spaces as V*xW* *.  The elements of V⊗W are bilinear
real valued functional mappings from V*xW* onto the real numbers.
Let  ei

v be a basis in V and ei
w a basis in W.  One may now construct

a basis, ev
*  i in V* dual to ei

v
, and a basis ew

*  j in W* dual to ei
w.  Now

let  T ∈V⊗W ,   v* ∈ V* and w * ∈ W*
.   Then v* = viev

*  i,

w * = wjew
*  j.  Thus one may write

T(v*, w *) = T(viev
*  i, wjew

*  j)

              =viwjT(ev
*  i, ew

*  j)

     = viwj Tij
(1.6)

where the components Tij are commonly referred to as the tensor.
Here T or loosely speaking the components forms a contravariant
tensor of rank two.

In physics a very important tensor of rank two is the metric tensor.
In classical physics the metric tensor can be used to characterize the
invariance of distance and time.  This invariance can be expressed by
the relation

ds2 = gij dxi dxj (1.7)
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where the symmetric covariant tensor of rank two, gij, is the metric
tensor.  The contravariant metric tensor gij is the reciprocal to gij,
thus

gij gkj = δi
k

(1.8)

and the metric tensor performs the operation of converting covariant
components of a tensor to contravariant components and vice versa:

Ti
  jm = gkj Tik

    m (1.9)

Tij
   m = gjk Ti

  km (1.10)

In terms of a set of basis vectors for a four-dimensional space-time
the metric tensor may be written as

gij = ei⋅ ej (1.11)

gij = e*  i⋅ e*  j (1.12)

Here it should be noted that the simplest metric that can be used to
describe three-dimensional Euclidean space, the geometry of space
(ignoring gravitational effects), is rectangular Cartesian coordinates.

gij = δij = δ
ij
 = gij (1.13)

The role that covariant tensor analysis plays in describing physical
equations is to leave the form of the equations invariant under one's
choice of a coordinate system under admissible coordinate
transformations (cf. below).  Thus the form of physical equations is
unaltered when one transforms to curvilinear coordinates.

In the case of four-dimensional space-time the geometry (ignoring
gravitational effects) is that of Minkowski space and the simplest
form for the metric tensor is

gij = 

-1 0
0 1

0 0
0 0

 0 0
0 0

1 0
0 1

 
 (1.14)
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Thus Cartesian tensors, in which one has no difference between
covariant and contravariant components, can only be used for the
description of three-dimensional space.

iii Coordinate Transformation

When transforming from one of the above coordinate systems xi to
another coordinate system x' i where

1) x' i (x0, x1, x2, x3) are single valued continuous and possess
continuous first partial derivatives

2) The Jacobian determinant does not vanish at any position

the transformation is said to be admissible.

When such a transformation of coordinates is considered their
differentials transform according to

dxi = 
∂xi

∂x' k
 dx' k (1.15)

All contravariant vectors transform according to this same relation

T i = 
∂xi

∂x' k
 T ' k (1.16)

Similarly contravariant tensors transform according to the relation

T imn = 
∂xi

∂x' k
 
∂xm

∂x' s
 
∂xn

∂x' t
 T ' kst (1.17)

A coordinate transformation of the partial derivative of a scalar
quantity is given by

∂ϕ

∂xi
 = 

∂x' k

∂xi
 

∂ϕ

∂x' k
  (1.18)
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All covariant vectors and tensors transform according to the same
relation.

T imn = 
∂x' k

∂xi
 
∂x' s

∂xm
 
∂x' t

∂xn
 T kst

 ' (1.19)

For mixed tensors the contravariant components transform according
to the above rule for contravariant tensors and the covariant
components transform according to the above rule for covariant
tensors.

Tensor Algebra

Tensor Addition
Tensor addition is defined only for tensors of the same type and is
represented by the addition of the components.

Uk
  ij = Sk

  ij + Tk
  ij (1.20)

Scalar Multiplication
The product of a tensor and a scalar yields a tensor in which each of
the components of the tensor is multiplied by the scalar.

Outer Product
For two tensors with components Sk

  ij and Tm
  n the outer product of S

and T is defined by

Uk   m
  ij    n = Sk

  ij Tm
  n (1.21)

Inner Product (contraction)

If  Tkm
    ijn are the components of a tensor then the inner product of T

defined by

Uk
    jn = Tkm

    mjn (1.22)

is also a tensor.
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Symmetric Tensor
A tensor T of contravariant rank two is symmetric if T ij = T ji.  If the
tensor T is symmetric in one basis then it is symmetric in all bases
obtained by admissible transformations.

A tensor T of covariant rank two  is symmetric if  T ij = T ji.  If the
tensor T is symmetric in one basis then it is symmetric in all bases
obtained by admissible transformations.

If a tensor T of contravariant rank two is symmetric then when
written in terms of covariant components, T must also be symmetric
(from the symmetry of the metric tensor).

For a symmetric tensor of rank 2 (from the symmetry of the metric
tensor)

T   j
 i  = Tj

  i = T j
 i (1.23)

A tensor T of contravariant or covariant rank n is symmetric if it is
symmetric with respect to all pairs of indices, e.g.,

T (ijk) = 
T ijk + T ikj + T kji + T kij + T jik + T jki

3!
(1.24)

Antisymmetric Tensor
A tensor T of contravariant rank two is antisymmetric if T ij = - T ji.
If the tensor T is antisymmetric in one basis then it is antisymmetric
in all bases obtained by admissible transformations.

A tensor T of contravariant or covariant rank n is antisymmetric if it
is antisymmetric with respect to all pairs of indices, e.g.,

T [ijk] = 
T ijk + T jki + T kij - T ikj - T kji - T jik

3!
(1.25)

Covariance
If the components of a tensor vanish for one basis then they vanish
for all bases obtained by admissible transformations.

The Physical Components of a Tensor (summation convention not
used in this discussion)
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The physical components of a tensor differ from the contravariant
and covariant components in that for the physical components there
is no distinction between raised and lowered indices.  Also the form
of physical equations when written in physical components is not
invariant under coordinate transformations.  The distinction between
this notation and covariant notation arises from the definition of the
basis vectors.  In covariant notation the basis vectors are in general
not unit vectors.

|ei| = gii (1.26)

|e*  i| = gii (1.27)

The vector v  may be expressed in terms of its contravariant or
covariant components as

v = v i ei∑
i=1

4

(1.28)

or

v = vi e
*  i∑

i=1

4

(1.29)

Rewriting these equations in terms of unit basis vectors one obtains

v = vi gii
ei
gii

∑
i=1

4

 = vi gii e*  i

gii
∑
i=1

4

(1.30)

where ei
gii

 = e *  i

gii
  are unit vectors and vi gii  = vi gii  are called

the physical components of the vector v .  These components do not
transform according to the transformation laws described previously
except in the case of rectangular Cartesian coordinates.  Thus their
usefulness as coordinate independent physical quantities is limited to
rectangular Cartesian coordinates in a three-dimensional Euclidean
space.   They are the standard coordinates used in engineering
literature.  Thus throughout the following chapters a three-
dimensional Euclidean geometry will be used wherever possible to
make comparison as straightforward as possible.
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iv Tensor Calculus (summation convention back in effect)

If one considers the partial derivative of a tensor then it is
straightforward to show that the resulting quantity does not obey the
transformation properties required of a tensor except in the case of
rectangular Cartesian coordinates.  One observes an additional term
that survives when an admissible coordinate transformation is
considered.

∂v i

∂x j
 = 

∂v' n

∂x j
 

∂

∂x' n
 

∂x i

∂x' m
  v ' m

       = 
∂v' n

∂x j
 
∂x i

∂x' m
 
∂v' m

∂x' n
  + 

∂v' n

∂x j
 v ' m  

∂
2
x i

∂x' n ∂x' m
  (1.31)

The Covariant Derivative is defined by

v   ;j
 i  = 

∂v' n

∂x j
 
∂x i

∂x' m
 
∂v' m

∂x' n
 + Γk   j

  i
 v  k (1.32)

where Γk   j
  i

 are affine connections called the Christoffel symbols and
are defined in terms of the metric tensor by

Γk   j
  i

 = 1
2

 gim (gmk,j + gmj,k - gkj,m) (1.33)

where a comma denotes a partial derivative, i.e., gmk,j = 
∂gmk

∂x j
 and

gmk;j = 0.

Here it is straightforward to show that

Γk   j
  i

 v  k = - 
∂v' n

∂x j
 v ' m  

∂
2
x i

∂x' n ∂x' m
  (1.34)
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and thus the covariant derivative transforms according to the rules
required of the components of a tensor.
Similarly

v i  ; j
  = 

∂v' n

∂x j
 
∂x' m

∂x i
 
∂v m '

∂x' n
 - Γi   j

  k
 v k

 (1.35)

and

v   k  ; j
 i  =  

∂v     k
 i

∂x j
 + Γr   j

  i
 v    k

 r  - Γk   j
  r

 v   r i (1.36)

v Conservation Laws

Here our first introduction to conservation laws will be through the
concept of a conserved current.  A conserved current is expressed
through the vanishing of the four divergence of a four vector.  For
example if J i is a conserved current (e.g., energy, mass, charge, etc.)
then the change with respect to time of the mass, say, contained in a
certain volume element is determined by the derivative

∂

∂ t
  ρ dV (1.37)

Also the total amount of mass leaving (or entering) a given volume
per unit time is

ρ v ⋅ ds (1.38)

where v  is the three-dimensional velocity vector, ds  is the outward
normal and the above integral extends over the entire closed three-
dimensional surface bounding V.  Therefore

∂

∂ t
  ρ dV =  -  ρ v ⋅ ds (1.39)

Using Gauss' theorem the right hand side of (1.39) may be written as
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ρ v ⋅ ds  =  ∇ ρv  dV (1.40)

One now obtains

  ∇ ρv   + 
∂ ρ

∂ t
   dV =  0 (1.41)

which must hold for an arbitrary volume, thus

∂ ρ

∂ t
  +  ∇ ρv  =  0 (1.42)

In four-dimensional form this equation is expressed by the statement
that the four divergence of the mass current is zero.

J   ;i
 i    =  0 (1.43)

where
J   =  (ρ , ρ v ) (1.44)

vi Energy Momentum Tensor and Its Properties

One of the most fundamental and important quantities in physics is
the energy momentum tensor, a symmetric second rank tensor in
four-dimensional space-time.  From this point on the second rank
tensor T will be reserved for the energy momentum tensor and its
components,  T i j , which  have the following physical meaning

T 0 0 = energy density of the physical system (1.45)

and thus

T 0 0 dV = total energy of the system (1.46)

Also
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T 0 α = momentum density of the physical system (α = 1, 2, 3) (1.47)
and

T 0 α dV = total momentum of the system (1.48)

The spatial components of T i j  contain the components of the stress
tensor.  The symmetry of the stress tensor is equivalent to the
statement of conservation of angular momentum.  The symmetry of
the energy momentum tensor is equivalent to the statement of
conservation of angular four momentum, where the four momentum
is given by the four vector T 0 i (note the terminology of referring to
the components of the vector as the vector).

vii Euler Lagrange Equations

A definite and unique value for the energy momentum tensor can be
constructed when the Euler Lagrange equations can be constructed
from a Lagrangian.

Consider a Lagrangian density, L, which is a scalar function of some
vector and/or scalar fields and their first derivatives.  In the case of
the electromagnetic field without charges the quantity qi which
describes the vector field is the four potential of the electromagnetic
field.  One obtains the equations of motion by requiring that the
action, the space-time integral of L, be stationary under space-time
variations of the fields within the region of space-time bounded by
the integral.

I = L (qi) dΩ (1.49)

where dΩ = - dV dt  and

L = L (qi) dV (1.50)

is the Lagrangian for the system.  Here for simplicity in dealing with
units we have set c = G = 1.  The equations of motion can be
obtained through the principle of least action by varying I.
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 δI = 
∂L  (qi)

∂ qk
 δ qk + 

∂L  (qi)

∂ qk

∂ xj

 δ 
∂ qk

∂ xj
  dΩ (1.51)

δI =
∂L  (qi)

∂ qk
 δ qk+

∂ 

∂ xj
 

∂L  (qi)

∂ qk

∂ xj

 δ qk  - δ qk 
∂ 

∂ xj
 

∂L  (qi)

∂ qk

∂ xj

 dΩ

(1.52)

From the principle of least action δI = 0 and using Gauss' theorem the
second term in the integrand is observed to vanish upon integration
over all of space-time.

One now obtains the Euler Lagrange equations (the equations of
motion for the field under consideration).

∂ 

∂ xj
 

∂L  (qi)

∂ qk

∂ xj

  - 
∂L  (qi)

∂ qk
  =  0 (1.53)

One may now use the Euler Lagrange equations to formally construct
the energy momentum tensor for the fields being considered.
Consider the spatial derivative of the Lagrangian density

∂ L

∂ x i
  =  

∂L 
∂ qk

 
∂ qk

∂ x i
   +  

∂L  
∂ qk

∂ xj

   

∂ 
∂ qk

∂ xj

∂ x i
(1.54)

Upon substituting the Euler Lagrange equation one obtains
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∂ L

∂ x i
  = 

∂

∂ x j
  

∂L  
∂ qk

∂ xj

   
∂ qk

∂ x i
(1.55)

and thus

∂

∂ x j
  

∂L  
∂ qk

∂ xj

   
∂ qk

∂ x i
  - δi

j
  L  = 0 (1.56)

The previous relation may now be expressed in the form

∂

∂ x j
  T j

i = 0 (1.57)

where

 T j
i = 

∂L  
∂ qk

∂ xj

   
∂ qk

∂ x i
  - δi

j
  L (1.58)

Here the vanishing of the four divergence of a tensor implies that the
vector

Pi = constant T i j d S j (1.59)

is a conserved quantity; it is now straightforward to show that Pi is
the four momentum, conservation of angular four momentum
requires that T i j be symmetric and T i j is the energy momentum
tensor of the field defined by the quantity qi.

The generalization of this formalism in the case of macroscopically
mixed materials such as in the case of a porous medium is the most
fundamentally important concept addressed in this book.

The principle of least action then gives the most general formulation
of the law governing the motion of mechanical systems.  In Chapter
II a large scale (megascopic scale) description of a porous medium,
composed of a composite of an elastic matrix and a viscous fluid, is
constructed. One observes two degrees of freedom for a material
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point in the context of a specific physical process (e.g., the
propagation of a sound wave) and three degrees of freedom when a
process is not specified (here the motion of a material point may be
decomposed into a solid particle, a fluid particle and porosity).  As a
result a generalization of the standard construction of the Euler-
Lagrange equation and the energy momentum tensor for a composite
medium is obtained.  In Chapter III the role that the interaction
between these motions plays in the megascopic thermodynamic
equations is discussed.  There it is observed that porosity enters the
megascopic description of motion as a dynamic variable and the
relationship between porosity and the average strains of the
component materials can only be specified in the context of a specific
physical process.  This dynamic role for porosity is independent of
temperature and thus theories of poromechanics and porodynamics
are observed which are analogous to thermomechanics and
thermodynamics.

viii Averaging

Equations governing motion in porous media reflect the properties
and behaviour of the constituent materials and their interaction.  In
many cases one may start from well established equations for the
macroscopically segregated components, which interact at the
numerous interfaces in accordance with suitable boundary conditions.
In situations where the pores are sufficiently small such intermediate
scale continuum equations cannot be discussed.  Thus in order to
transfer information about the relationship between basic physical
theory and the fluxes which are observable at the various scale an
averaging scheme appears to be a useful tool.

The premise of this discussion is that the averaging scheme should be
as simple and transparent as possible in order to make the physical
arguments as clear and coherent as possible.  The following two
averaging theorems which link the averages of derivatives to
derivatives of averages (Whitaker, 1967; Slattery, 1967; Newman,
1977; Anderson and Jackson, 1967; Marle, 1982) will be used in
cases where the phases are macroscopically segregated :

 ∂i Gf dV=∂i 
V 

Gf dV
V 

+ Gf ni dA
Afs

(1.60)
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 ∂t Gf dV=∂t 
V 

Gf dV
V 

- Gf vs • n dA
Afs

(1.61)

Here Gf (x) is any quantity associated with the fluid, and is defined to
be zero everywhere outside the fluid;  Afs refers to the fluid-solid
interfaces in V, the normal n points towards the solid, and vs is the
velocity of the fluid-solid interface element.  A bar is used to denote
the phasic average

ηGf  = 1
V

Gf dV
V 

(1.62)

where η is the porosity variable.  In cases such as where phases
cannot be macroscopically segregated the above area integrals
representing the area over which the phases interact (or
communicate) with one another must be replaced by an integral
representing the volume of interaction of the two phases at the
macroscale.

Let <G> represent a typical megascopic parameter (such as
permeability or the unperturbed porosity) and let L characterize its
length scale of the inhomogeneity, i.e., L ~ K/|∇K|.  From what is
said above we must suppose L >> V1/3.  Denote R as the
characteristic length of the porous body itself.  Then for R<L a theory
for inhomogeneous porous media will of course be required.

ix Automata Modeling

Here the objectives are quite similar to those of volume averaging.
The objective is to introduce basic physical principles, conservation
of momentum, energy, etc., at a particle level, and then proceeding
up in scale allowing the larger scale physics to appear naturally.
Thus one is once again starting from well-established physical theory
and then proceeding up in scale introducing additional complexity
into the model, under the constraint that established physical theory
cannot be violated.  The physical strength of the current automata
models in modeling megascopic descriptions of porous media is
found to be sound when one starts at a scale sufficiently small such
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that well-understood continuum theory is established at the pore
scale.  In cases where such a pore scale description is not firmly
established the automata models considered are found to be useful for
numerical modeling but require the incorporation of additional rules
that implies that physical theory is imposed as an external constraint.
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Chapter II

Thermomechanics and
Poromechanics

i Content of this Chapter

It is observed that porosity enters the megascopic description of the
motion as a dynamic variable and the relationship between porosity
and the average strains of the component materials can only be
specified in the context of a specific physical process.  This dynamic
role for porosity is independent of temperature and thus theories of
poromechanics and porodynamics are observed which are analogous
to thermomechanics and thermodynamics.

The problem is formulated, to first order, at a scale at which standard
continuum theory describes the behaviour of each of the materials,
and the materials interact with each other across the boundaries
between them.  The problem is then reformulated at a scale many
orders of magnitude larger than the scale at which individual pores
can be observed.  Initially it is assumed that no additional structure
enters the problem between these two scales.  The consequences of
relaxing this assumption are subsequently investigated.  Temperature
is allowed to vary throughout the medium and the coupling between
the heat equation and the equations of motion for the fluid and the
elastic solid is included.

ii Previous Theories

Many researchers have made contributions towards the construction
of the equations of motion of porous media; a small sample includes
Terzagi (1923), Biot (1941, 1973), Gassmann (1951), Nur and
Byerlee (1971), Morland (1972), Brown and Korringa (1975), Carroll
(1979), Thomsen (1985), and Katsube, (1985).  Solids containing
cracks have been addressed by Walsh (1965), O'Connell and
Budiansky (1977), Mavko and Nur (1978) and Hudson (1990), and
composite materials, i.e., aggregates of various solids have been
worked on by Paul (1962), Hill (1963), Thomsen (1972), Watt,
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Davies and O'Connell (1976), Chatterjee, Mal and Knopoff (1978),
and Berryman (1979) as well as Hashin (1962) and Hashin and
Shtrikman (1961, 1962, 1963).

The above only represents a very small portion of the work in this
area since researchers from many fields have undertaken the study of
deformations of multi-component materials; cf. review by Kumpel
(1991).  In the area of composite materials a considerable amount of
work has been published on bounds of "effective" elastic coefficients
(Walpole 1966; see also Hashin (1983) for comprehensive survey).
Measurements of various bulk moduli, and derivations of
relationships between them, have been reported for decades and are
still of current interest (see Zimmerman (1991) for a comprehensive
exposition).

A description of wave propagation in porous media was constructed
by Biot (1956a, 1956b) using a Lagrangian formulation together with
his previously developed constitutive relations (Biot 1941).  The
megascopic "effective" parameters in Biot's wave propagation theory
are related to static measurements in the work of Biot and Willis
(1957) and Berryman and Milton (1991).  Burridge and Keller
(1981), Walton and Digby (1987), de la Cruz and Spanos (1985,
1989), Bear and Corapcioglu (1989), and Liu and Katsube (1990)
have started with the equations governing each phase at the pore
scale and have used various homogenization theories in order to
obtain a megascopic description.  These descriptions, as well as
Biot's (1956a,b), are formulated to describe the regime where the
wavelength of disturbance is much larger than the average pore size.

iii Pore-Scale Equations

Inside the elastic solid and viscous fluid, at the pore scale, the
equations of motion are given by

∂
2

∂t
2
 [ρs ui

s] = 
∂

∂xk

 σik
s  + Bi

s
(2.1)
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∂
2

∂t
2
 [ρf ui

f] = 
∂

∂xk

 σik
f  + Bi

f (2.2)

where

σik
s  = - Ksαs(Ts - To)δik  + Ks ujj

s  δik+ 2 µs (uik
s  - 2

3
 δik∂j uj

s) (2.3)

σik
 f  =  µf (vi,k

 f  + vk,i
 f  - 2

3
 δik v j , j

 f ) +  ξf δik v j , j
 f  - pf δik (2.4)

are the stress tensors for a solid and fluid respectively.  Here To is the
ambient temperature, and Ts(x ,t)  is the actual temperature.  The
temperature difference Ts - To is treated as a first order quantity; ρs ,
ui

s, Ks, µs, αs are the mass density, displacement, bulk modulus,
shear modulus and thermal expansion coefficient, respectively, for
the solid material; ρf, ui

f, vi
 f, µf, ξf are the mass density, displacement,

velocity, shear viscosity and bulk viscosity respectively for the fluid,

uik
s  = 1

2
 (ui,k

s  +   uk,i
s ) + second order in u s (2.5)

vik
f  = 1

2
 (vi,k

f  +  vk,i
f ) + second order in v  f (2.6)

 B
 s
 and B

 f
 represent the body forces acting on the solid and fluid by

external forces such as gravity and will be assumed to be zero in the
following discussion.

The linearized equation of heat transfer in the solid medium is
(Landau and Lifshitz, 1975)

ρs  cv s 
∂Ts

∂ t
 + αs Ks Ts 

∂

∂t
 ∇⋅ us - κs ∇

2
 Ts = 0 (2.7)

where cv s is the solid heat capacity at constant volume and κs is the
thermal conductivity of the solid.  For the fluid the linearized
equation of heat transfer is given by (de la Cruz and Spanos, 1989)
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ρf  cp f 
∂Tf

∂ t
 + αf  Tf 

∂ pf

∂t
  - ∇⋅ (κf ∇ Tf) = 0 (2.8)

where cp f is the fluid heat capacity at constant pressure, αf is the
thermal expansion coefficient, Tf is the actual temperature, pf is the
pressure, and κf is the thermal conductivity of the fluid.

The equations of continuity are given by

∂ρs

∂t
 + ∇⋅ (ρs v s) = 0 (2.9)

and
∂ρf

∂t
 + ∇⋅ (ρf v  f) = 0 (2.10)

The mechanical boundary conditions at the fluid solid interface are

v  f = 
∂us

∂t
(2.11)

- pf ni + σik
 f  nk = σik

s  nk (2.12)

and the  boundary condition on temperature is

κf ∇ Tf = κs ∇ Ts (2.13)

iv Construction of Megascale Equations for a Homogeneous
Medium

The megascopic continuum equations that describe wave propagation
in a fluid filled porous medium can be constructed by using volume
averaging in conjunction with physical arguments.  For the purpose
of the present discussion a porous medium is envisaged as an elastic
matrix whose pores are interconnected and are completely filled with
a viscous compressible fluid.  The medium is also assumed to be
megascopically homogeneous and isotropic.  Thermomechanical
coupling refers to the first order heating of the phases from
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compression and the expansion/contraction of the phases due to
heating and cooling.

Consider the pore-scale equation of continuity for a fluid,
∂ρf

∂t
 + ∇⋅ (ρf v  f) = 0 (2.14)

Volume averaging one obtains

1
V

∂ρf

∂t
 + ∇⋅ (ρf v  f)  dV

V

 = 0 (2.15)

which yields

∂(ηρf)

∂t
 + ∇⋅ (ηρf v  f) = 0 (2.16)

The linearized version is obtained by writing

η = ηo + (η-ηo) (2.17)

ρf = ρf
o + (ρf - ρf

o) (2.18)

Then keeping only first order terms, one obtains

1
ρf

o  
∂

∂t
 ρf + 1

ηo
 
∂

∂t
 η+ 1

ηo
 ∇⋅ (ηo v  f) = 0 (2.19)

as the generalization of equation (2.14), valid even if the porosity is
nonuniform, ηo = ηo(x).   Equation (2.19) is the megascopic equation
of continuity for the fluid.

The corresponding equation for the solid component may be
constructed as follows.  The fractional volume change in the interior
of the elastic solid during deformation, ∇⋅us, may be written as
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∇⋅ us = - 
(ρs - ρs

o)

ρs
o (2.20)

Taking the volume average of each side one obtains

(1 - ηo) 
(ρs - ρso)

ρso
  = - ∇ ⋅ 1

V
 us dV - 1

V
 us ⋅ ds

Asf

(2.21)

Here us⋅  ds  is the volume swept out by the displacement us of the
boundary surface element

1
V

 us ⋅ ds
Asf

 = - (η - ηo) (2.22)

Thus

(1 - ηo) 
(ρs - ρs

o)

ρs
o   = - (1 - ηo) ∇⋅ us +  (η - ηo) (2.23)

Two megascopic pressure equations may now be constructed with the
aid of these continuity equations.

Taking the volume average of the following pore scale equation for
the fluid (in the absence of thermal effects)

(ρf - ρf
o)

ρf
o   = 

(pf - pf
o)

Kf
(2.24)

one obtains
(ρf - ρf

o)

ρf
o   = 

(pf - pf)
Kf

(2.25)

Combining the megascopic continuity equation for the fluid with the
this equation one obtains a megascopic pressure equation

1
Kf

 
∂

∂t
pf = - ∇⋅ v f - 1

ηo
 
∂

∂t
 η (2.26)



The Thermophysics of Porous Media 27

Similarly taking the volume average of the following pore scale
equation for the solid (in the absence of thermomechanical coupling)

(ρs - ρs
o)

ρs
o   = 

(ps - po)
Ks

(2.27)

one obtains
(ρs - ρs

o)

ρs
o   = 

(ps - po)
Ks

(2.28)

Combining the megascopic continuity equation for the fluid with this
equation one obtains

1
Ks

 (ps - po)  = - ∇⋅ us + 
(η - ηo)
(1 - ηo)

(2.29)

If thermomechanical coupling is included then equations (2.24) and
(2.27) become

(ρf - ρf
o)

ρf
o   = 

(pf - pf)
Kf

 + αf
∂

∂t
 Tf (2.30)

and
(ρs - ρs

o)

ρs
o   = 

(ps - po)
Ks

 + αs(Ts-To) (2.31)

Taking the volume average of these equations yields

1
Kf

 
∂

∂t
pf = - ∇⋅ v f - 1

ηo
 
∂

∂t
 η + αf

∂

∂t
 Tf (2.32)

and
1

Ks
 (ps - po)  = - ∇⋅ us + 

(η - ηo)
(1 - ηo)

 + αs(Ts-To) (2.33)

The volume average of the equations of motion yields
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(1-ηo)ρs
∂

2
ui

s

∂t
2

 = (1-ηo)Ks∂i(∇•us) - Ks∇η 

+(1-ηo)µs[∇
2
ui

s + 1 3∂i(∇•us)] (2.34)

- (1-ηo) Ksαs∂iTs - I i
(3)+µs∂kIik

(4)

ηoρf 
∂
∂t

v i
f = -ηo∂ipf +ηo [µf∇

2
v i

f + 1 3 µf∂i(∇•v f)] - I i
(1)+µf∂kIik

(2)

+ ηoξf ∂i(∇•v f) + ξf ∂i 
∂η

∂t  

(2.35)

The integrals (denoted by I's) over the fluid-solid interface in the
above equations represent the coupling between the constituents and
representative expressions in terms of megascopic observables may
be uniquely obtained through physical arguments.  These expressions
introduce the majority of the megascopic parameters in the theory,
except for porosity.  An interpretation of the introduced megascopic
parameters in such expressions may depend on the type of process
taking place.  These area integrals are not all independent but are
related due to the pore scale boundary conditions.  The area integrals
given by

Ii
(1) = 1

 V
pf - po δik - τik

f nkdA
Afs

(2.36)

and

Ii
(3) = - 1

V
τik

s  + poδik  nkdA
Asf

(2.37)

are related, due to the continuity of stress at the pore scale interface
(Newton's third law), as

Ii
(3) = -Ii

(1)
(2.38)

The area integrals given by
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Iik
(2) = 1

V
vk

f ni + vi
fnk - 2

3
vj

fnjδik  dA
Afs

(2.39)

and

Iik
(4) = 1

V
uk

s ni + ui
snk - 2

3
uj

snjδik  dA
Asf

(2.40)

are related by
∂
∂t

Iik
(4) = -Iik

(2) (2.41)

Taking the volume average of the heat equations for the fluid and
solid one obtains

(1- ηo)ρs cvs 
∂Ts

∂t
 - To Ks αs  

∂η

∂t
 - (1- ηo)

∂

∂t
 ∇⋅ us

- (1- ηo)κs∇
2
Ts -∇⋅ κsI (7) - I(8)=0

(2.42)

ηoρf cpf  
∂Tf

∂t
 - ηoTo αf

∂pf

∂t
 - ηoκf∇

2
Tf -∇⋅ κfI (5) -I(6) = 0 (2.43)

where the two area integrals

I(5) = 1
V

Tf-To  dA
Afs

(2.44)

and

I(7) = 1
V

Ts-To  dA
Asf

(2.45)

 are related by
I(5) = -I(7) (2.46)

due to continuity of temperatures of the two components on the
interface.  The two area integrals
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I(6) = 1
V

κf∇Tf ⋅ dA
Afs

(2.47)

and

I(8) = 1
V

κs∇Ts⋅ dA
Asf

(2.48)

are related by
I(6) = -I(8) (2.49)

due to the continuity of heat flux.

The integral Iik
(1) (= -Iik

(3)) is the force (per unit volume) exerted on the
fluid by the solid matrix across the interface due to motion.  From the
point of view of the megascopic continuum equations it is a body
force.  For steady flow this is the term responsible for the Darcian

resistance (a Galilean invariant) 
µf ηo

2

K
 (v f - vs) where K is the

permeability.  For nonsteady flow an additional term, proportional to
the relative acceleration, may also be presented (Landau and Lifshitz,
1975; Johnson, 1980; Berryman, 1980; de la Cruz and Spanos, 1989),

ρ12 
∂

∂t
 (v f - vs).  Now note that the equations in their current form do

not satisfy the principle of equivalence.  In the presence of gravity
there will be an induced buoyancy force acting on the solid by the
fluid, say -ρb gi.  But a uniformly accelerating frame can simulate
gravity.  Since relative acceleration is invariant another linear
combination of the accelerations is needed.  Including gravity this

additional term is of the form ρb(
∂vi

m

∂t
 - gi) where 

∂vi
m

∂t
 is the

acceleration of the poro-continuum

∂vi
m

∂t
 = 

(1-ηo)ρo
s

ρo
m  

∂vi
s

∂t
 + 

ηoρo
f

ρo
m  

∂vi
f

∂t
 (2.50)
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and ρo
m = (1-ηo)ρo

s  + ηoρo
f
  is the mass density of the poro-

continuum.  When gravity is switched off this term has the form

ρb∂vi
m

∂t
 .

The area integral Iik
(4) may be expressed in megascopic form in the

present case as follows:  According to equation (2.34) µs Iik
(4) is the

piece needed to fully determine the megascopic solid stress tensor
(which we will denote by τij

s
).  It can be shown quite generally (de la

Cruz et al., 1993; also cf. Chapter III) that the dependence of τij
s  on

the deformation uij
s  and φ-φo (here φ=1-η and φo=1-ηo) occurs only

through the combination

uij
s ' = uij

s  + 1
3

 δij (φ-φo)/φo (2.51)

where
uij

s  = 1
2

 (∂iuj
s + ∂jui

s) (2.52)

Here the symmetric tensor Iik
(4) has the general form

Iik
(4) =  c φo ∂kui

s + ∂iuk
s  - 2

3
 δik ∂juj

s  + c' δik uik
s  + c'' δik (φ -φo) (2.53)

where c, c' and c'' are constants.  However, since Iik
(4) is trace free, c',

c'' = 0, and thus

Iik
(4) =  c φo ∂k ui

s +  ∂i uk
s  - 2

3
 δik∂j uj

s  (2.54)

The dimensionless constant c may be conveniently eliminated in
favor of a megascopic shear modulus µM (Hickey et al., 1995)
through the definition.

µM = φo µs (1+c) (2.55)
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Thus the physical meaning of c in equation (2.54) is observed to be a
measure of the difference between µM and the simple volume
averaged value φo µs.

Thus (1-ηo)µs may be replaced by µM in equation (2.34).  At the
same time, equation (2.35), the fluid equation of motion, acquires a
new term involving space derivatives of the solid velocity.  The new
term

- 1-ηo µf
µM

1-ηo  µs
 - 1  

∂
∂xk

 vi,k
s  + vk,i

s  - 2
3

 vl,l
s δik

s (2.56)

arises from equation (2.54) which fails to vanish unless c = 0.

In analogy with the generalization of the shear modulus, the
megascopic heat conductivities can be introduced as
phenomenological parameters and are related to component heat
conductivities κf, κs according to

κM
f  = ηoκf (1+cf) (2.57)

and
κM

s  = 1-ηo  κs (1+cs) (2.58)

where the dimensionless constants cs, cf reflect the pore scale
behavior through the assumed relation

I(5) = 1
V

(Tf - To) dA
Afs

 = ηocf∇Tf - (1-ηo)cs∇Ts (2.59)

so that from relation (2.46), one has

I(7) = 1
V

(Ts-To) dA
Asf

 = (1-ηo)cs∇Ts - ηocf∇Tf
 (2.60)

Thus one obtains additional megascopic terms in the averaged heat
equations (2.42) and (2.43) as well two additional parameters are
introduced.  Nozad et al. (1985) also constructed the basis for a two-
equation model of transient heat conduction in porous media using
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volume averaging.  However, the area integrals were not evaluated
using physical arguments.  Given that the two additional megascopic
parameters, defined by (2.57) and (2.58), come about due to the
effect of pore structure on heat conduction through the porous
medium, the two megascopic heat conductivities might be related.

In most studies of heat transfer in porous media filled with a static
fluid (Verma et al.,  1991; Zimmerman, 1989; Huang, 1971;
Woodside and Messmer, 1961a, 1961b; among others) a one-
equation model is used and only one effective thermal conductivity
parameter, usually referred to as the stagnant effective thermal
conductivity (Huang, 1971; Hsu and Cheng, 1990), is required.  This
model is based on the assumption that a single temperature
characterizes the energy transport process (Nozad et al., 1985).  This
assumption is referred to as "local thermal equilibrium" (Nozad et al.,
1985; Zarotti and Carbonell, 1984).  By reducing their two-equation
model to a one-equation model Nozad et al. (1985) show that

         

∇2 ηoκf + 1-ηo  κs  T
(2.61)

+ ∇⋅ 1
V

κf(Tf -To)-κs(Ts-To)dA
Afs

 = ∇⋅ κd∇T

where T is the characteristic single temperature and κd is the stagnant
effective thermal conductivity.  Applying such an approach to the
present analysis would lead to only one degree of freedom, which
would be related to the stagnant effective thermal conductivity as

ηocf - 1-ηo cs = 
κd - ηoκf + 1-ηo  κs

κf - κs
(2.62)

The generalization to include convection has been addressed by
Yoshida et al. (1990) and Hsu and Cheng (1990).  This generalization
also contains one effective thermal conductivity.  In thermal
processes, stagnant effective thermal conductivities are usually
considered adequate to describe the conductive heat transfer (Huang,
1971).

The two integrals, I(6) and I(8), are equal and opposite and represent
the heat transfer from one component to the other across the
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macroscopic interfaces.  Hence, the fluid component acts as an
additional heat source for the solid and vice versa.  These heat
exchange terms between components should vanish if and only if the
megascopic component temperatures are equal (Tf = Ts).  These
terms may be represented by a first order scalar proportional to
Ts - Tf  and therefore they obtain

I(6) = κf

Afs

 ∇Tf ⋅ d A = γ Ts - Tf (2.63)

where γ is the positive empirical parameter.  The heat transfer
between components represented by this term should contribute to
the attenuation of the dilatational waves.

The surface coefficient of heat transfer, γ, may be estimated by

γ = O κA/(VL) (2.64)

where κ is the effective conductivity between the fluid and solid, A is
the interfacial surface area between the fluid and the solid within the
volume, V is the averaging volume, and L is the characteristic pore
scale length.

Counting the number of variables and equations one observes that an
additional equation is needed for completeness when dilatational
motions are considered.  At this point note that Newton's second law
has not been completely specified.  When the medium is compressed
the solid may be compressed or deformed, the fluid may be
compressed or may flow and the relative proportions of the two
phases inside of a volume element may change, thus changing the
porosity.  Furthermore, for a static compression both phases are
simply compressed; however, for a seismic deformation, fluid flow is
an integral part of a compression.  Thus the relationship between

∇•v s, ∇•v f and 
∂η

∂t  must be specified in order to completely describe

a compression.  Thus one obtains the relationship (assuming that
locally the phases remain in thermal equilibrium)
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∂η

∂t
 = δs∇•vs - δf∇•vf (2.65)

where δs and δf are dimensionless parameters.  A basic physical
understanding of this relationship has been presented in the context
of dilational experiments (Hickey et al., 1995).  Its thermodynamic
basis will be presented in Chapter III.

For now it is possible to obtain this equation through the following
arguments.  The porosity may be changed by altering the megascopic
compressive stresses on the component phases or by altering other
forces such as body forces.  Thus

η - ηo = a σjj
s  + b σjj

f  + B (2.66)

where B denoted the contribution from forces other than the stresses.
For phenomena such as seismic wave propagation, we set these
forces to zero.  According to equation (2.34) for σjk

s , we have

σjj
s  = 3Ks uii

s  -  
η - ηo

1 - ηo
 

(2.67)

For fluids it is sufficient to take  σjj
f  = - 3 pf.  Thus we obtain

1+ 3 a Ks
1 - ηo

 (η - ηo) = 3 a Ks ujj
s  - 3 b pf

(2.68)

Differentiating both sides with respect to time, and making use of the
pressure equation (2.26)  we arrive at the porosity equation (2.65).

Equation (2.65) supplies a constraint on the relation between the
average dilational motions of the component phases and porosity in
the context of a specific physical process much as

 T - To
To

 = - Kα
cv

 ∇⋅ u (2.69)
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yields a statement of adiabaticity in ordinary elasticity.  In order to
understand the mechanistic basis of equation (2.65), note that only
pure dilational motions of the phases occur in a static compression.
In Chapter V it is observed that fluid flow may occur as a part of a
seismic dilation.   In Chapter VIII it is observed that fluid flow and
elastic deformation of the matrix occurs as a part of the coupled
porosity-pressure pulse considered in that chapter.  In the remainder
of this chapter thermomechanical coupling will be neglected in order
to concentrate on poromechanics.

v Megascopic Potential Energy

In order to establish a relation between the stress and strain
components of the solid-fluid medium Biot assumes the existence of
energy potential.  Because of the existence of a potential energy the
matrix of coefficients relating the stress and strain tensor must be
symmetric, thereby reducing the number of independent parameters.
Therefore, the consequences of a single energy potential will be
explored here in the context of this work.

The equations of motion are of the form

∂
2

∂t
2
 [ηoρf ui

f] = 
∂

∂xk

 τik
f  - Fi (2.70)

∂
2

∂t
2
 [(1-ηo)ρs ui

s] = 
∂

∂xk

 τik
s  + Fi (2.71)

The stresses τik
f

 and τik
s

 can be obtained from equations (2.34) and
(2.35).  In the quasi-static limit the components of the stress tensor
reduce to

τxx
s  = 2 µMux,xs +[ (1 - ηo)Ks-2

3
 µM]∇•usδij - Ks η-ηo (2.72)

τxy
s  = µM (ux,ys  + uy,xs ) (2.73)
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τxx
f  =  -ηo pfδij 

  =ηoKf [∇•uf+ 1
ηo

η-ηo ]δij (2.74)

etc.  Now assume the existence of an elastic energy potential W in
the sense of Biot (1941, 1956a,b), such that

τij
s  = ∂ W/∂uij

s  (2.75)
and

τij
f  = ∂ W/∂uij

f  (2.76)

where uij
s  and uij

f  are the strain tensors defined by

uij
s  = 1

2
 (ui,j

s  + uj,i
s )

(2.77)
and

uij
f  = 1

2
 (ui,j

f  + uj,i
f )

(2.78)

Hence
 ∂ τxx

f /∂uxxs   = ∂ τxx
s /∂uxxf  (2.79)

In Biot's formulation, W = W( uij
s  , uij

f ), i.e., it was tacitly assumed
that the porosity change η-ηo does not appear in W as an independent
variable.  Therefore in equation (2.72) and equation (2.74) we must
use equation (2.65) to eliminate η-ηo before working out equation
(2.79).  Then equation (2.79) says that the coefficient of ∇⋅ uf  in τxx

s

should be equal to that of ∇⋅ us in τxx
f :

Ksδf = Kfδs (2.80)

However, η-ηo is in general kinematically independent of the
megascopic displacements (Geindakin experiments which illustrate
this are straightforward), and it seems one has to regard equation
(2.65), for fixed δs and δf, as a restriction to a certain class of
processes, namely, low frequency wave propagation.  In that case, for
thermodynamic considerations one must write W = W( uij

s , uij
f , η).
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This question is discussed more thoroughly in terms of the
thermodynamics of porous media by de la Cruz et al. (1993) and in
chapter III.  For the present analysis it is sufficient to note that, if η as
well as uij

s  and uij
f  are independent variables, then equation (2.79)

with use of equations (2.72) and (2.74) reduces to an identity,
yielding no restriction.  A relationship between η, uij

s  and uij
f  then

defines the specific process under consideration.

vi Equations for a Homogeneous Medium (neglecting
thermomechanical coupling)

Equations of motion

ρs
∂

2

∂t
2
us = Ks∇(∇•us) - 

Ks
1-ηo

∇η + 
µfη0

2 
K (1 - ηo)

(v f-vs)

- 
ρ12

(1 - ηo)
∂
∂t

(v f-vs)+ 
µM

(1-ηo)
[∇

2
us + 1 3∇(∇•us)]

(2.81)

and

ρf 
∂
∂t

v f = -∇pf + [µf∇
2
v f +( ξf + 1 3 µf)∇(∇•v f)] + 

ξf

ηo
∇ 

∂η

∂t

 + 
(1-ηo)

ηo
 µf(

µM

(1-ηo)µs
 - 1) [∇

2∂us

∂t
 + 1 3∇(∇•

∂us

∂t
)] (2.82)

 - 
µfη0 

K
 (v f -vs)+ 

ρ12

η0

∂
∂t

(v f -vs) 
 

Equations of Continuity

(ρs - ρs
o)

ρs
o  - 

(η - ηo)
(1 - ηo)

  + ∇⋅ us = 0 (2.83)

1
ρf

o  
∂

∂t
ρf + 1

ηo
 
∂

∂t
 η + ∇⋅ vf = 0 (2.84)
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Pressure Equations

1
Ks

 ps  = - ∇⋅ us + 
(η - ηo)
(1 - ηo)

(2.85)

1
Kf

 
∂

∂t
pf = - ∇⋅ vf - 1

ηo
 
∂

∂t
 η (2.86)

Porosity Equation
∂η

∂t
 = δs∇•vs - δf∇•vf

(2.87)

Here v f, for example, stands for v f, the averaged velocity over the
fluid portion within an averaging volume element.  The subscript or
superscript o refers to unperturbed quantities.

Aside from the  (unperturbed) porosity ηo, five other “megascopic”

empirical parameters  (K, ρ12, µM, δs and δf) appear in these
equations.  On the other hand, the parameters Ks, µf, etc. are the pore
scale physical parameters specifying the constituents.

vii The Effect of  Heterogeneity

Now consider an inhomogeneous porous medium whose two
components are each homogeneous when unperturbed.  That is ρf

o,
Ks, etc. are taken to be specified constants.  The inhomogeneity and
anisotropy are then due to the way the pores and interfaces are
distributed.  Thus (for example) the porosity may be x dependent and
the permeability may be tensorial.

The equations of motion (2.1) and (2.2), after volume averaging, now
yield

ηo ρf
o 

∂
∂t

 vi
 f = ∂k  ηo σik

 f  + 1
V

σik
 f  nk dA

Afs

(2.88)

and
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(1-ηo)  ρso 
∂2

∂t2
 ui

 s = ∂k  (1-ηo) σik
 s  + 1

V
 σik

 s  nk dA
Asf

(2.89)

From equations (2.88) and (2.89) it is clear that τik
f  = ηo σik

 f  and
τik

s  = (1-ηo) σik
s  assume the roles of megascopic stress tensors.  The

two surface integrals, which are equal and opposite, are effective
body force densities, arising from the interactions across the
interfaces.  The following notation is convenient for this discussion

Ii = 1
V

 σik
 s  nk dA

Asf

 = 1
V

 σik
 f  nk dA

Asf
(2.90)

φo = 1 - ηo (2.91)

Applying the averaging theorem (1.56) to the stress tensors (2.3) and
(2.4) yields

ηo σik
 f  = - ηo pfδik  + ξf ∂j  ηovj

 f  +  
∂η
∂t

 δik

(2.92)

+ µf ∂k ηovi
 f   +  ∂i ηovk

 f   - 2
3

 δik∂j ηovj
 f  - 2µf 

∂

∂ t
 Dik

φo σik
 s  = Ks ∂j  φo uj

s  +  (φ- φo)  δik
(2.93)

+ µs ∂k  φo ui
s  +  ∂i  φo uk

s  - 2
3

 δik∂j  φo uj
s  + 2µs Dik

Here Dik stands for the surface integral

Dik = 1
V

1
2

 (ui
s nk + uk

s  ni - 23
 δikuj

s nj)dA
Asf

(2.94)

The same integral Dik occurs in both stress tensors, due to the non-
slip condition.  It has the following relation to the volume averaged
solid strain and fluid strain rate:
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(1-ηo) 1
2

 (ui,k
s  + uk,i

s ) = 1
2

 (1-ηo) (ui,k
s  + uk,i

s )

(2.95)
- 1

2
 (ui

s∂kηo + uk
s ∂iηo)

 
- 1

3
 δik (η-ηo)+ Dik

and

ηo 1
2

 (vi,k
f  + vk,i

f ) = 1
2

 ηo (vi,k
s  + vk,i

s ) + 1
2

 (vi
s∂kηo + vk

s ∂iηo)
(2.96)

+ 1
3

 δik 
∂ η

∂ t
 - 

∂Dik

∂ t

Although 1
2

 (ui,k
s  + uk,i

s ) and 1
2

 (ui,k
s  + uk,i

s ) might both be referred to

as “megascopic strain”, they are not equal.  The difference, given by
the terms listed above, is due to the presence of interfaces. (Similar
remarks hold for the fluid strain rates.)

So far, no approximations other than linearization have been made.
The two surface integrals Ii and Dik will now be expressed in terms
of the megascopic kinematic fields ui

s, vi
f and η-ηo.

In view of the physical meaning of the pore scale expression σik nk,
the integral Ii, equation (2.90), is just the sum of forces exerted by the
fluid on a solid in a unit volume of the porous medium.  In the
megascopic sense it appears as an effective body force density.
Making the physical assumption that this force is at the megascopic
level attributable to relative motion and acceleration as well as
satisfying the principle of equivalence, for the homogeneous isotropic
case we obtained,

Ii =  
µf

K
 ηo

2 (vi
 f-vi

 s) - ρ12
∂

∂t
 (vi

 f-vi
 s) + ρb ∂

∂t
 vi

m (2.97)

where K and  ρ12 are parameters.  If, however, the porosity is not
uniform, then an additional term must be added.  This may be seen as
follows:  Assume for the moment that there is no motion, but that
there is a nonzero fluid pressure.  On account of the different amount
of interfacial areas acted on by at different locations, there will be a
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net force per unit volume equal to -pof  ∂iηo.  When there is motion
such a term must of course still be present, now becoming -pof  ∂iηo.

Therefore one now has

Ii = - pf ∂i ηo + µf ηo2 K-1
 ij (vj

 f-vj
 s ) - ρij

12 ∂
∂t

 (vj
 f-vj

 s ) (2.98)

where K-1
 ij and ρ ij

12 are written as tensors to allow for anisotropy.

The Darcian resistance term (middle term on the right) is by far the
chief source of dissipation.  It is possible to regard it as originating
from a dissipation function, as Biot (1962) has demonstrated
(equation (8.33): D = 1

2
 η rij wi

  wj
 ).  Notationally Biot’s rij is just the

K-1
 ij here.  Thus the permeability tensor is symmetric.

Similarly, we can trace the  ρ12 term to the kinetic energy density of
the medium, as developed by Biot (1962).  In Biot’s (1962) notation
the kinetic energy density is written (Biot, 1962; equation 8.32)

 KE =  1
2

 ρ (ux
2 + uy

2 + uz
2) +  ρf (ux wx + uy wy + uz wz)

(2.99)
+ 1

2
 mij wi wj

Notationally Biot’s mij corresponds to (ηoρf δij - ρij
12) / ηo

2 here and

thus the symmetry of ρ ij
12 follows from the symmetry of mij.

Turning now to the integral Dik, defined by (2.94), we note that
2µs Dik is the remaining piece needed to fully determine the
megascopic solid stress tensor τi k

s  according to equation (2.93).  For
the homogeneous case, the dependence of τi k

s  on deformation ui
s,

(φ-φo) occurs only through the combination

uij
s ' = uij

s  + 1
3

 δij (φ-φo)/φo (2.100)
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where the symbol

uij
s  = 1

2
 (∂iuj

s + ∂jui
s) (2.101)

has been introduced.  Thus in that case the symmetric tensor Dik has
the general form

Dik =  c φo uik
s ' - 1

3
 δik uik

s '  + c' δik ujj
s ' (2.102)

where c, c' are constants.  However, since Dik is trace free, c'=0, and

Dik =  1
2

 c φo ∂k ui
s + ∂i uk

s  - 2
3

 δik∂j uj
s (2.103)

When the porosity is not uniform a translational displacement of the
porous medium as a whole results in a change in porosity from φo to

φ = φo - us⋅∇ φo.  Thus  φ - φo is replaced by φ - φo + us⋅∇ φo as a
measure of true deformation.  Making this replacement in the right
hand side of equation (2.98), we define the quantity

uij
s '' = uij

s  + 1
3

 δij (φ - φo + uk
s ∂kφo)/φo (2.104)

It is reasonable to assume that τik
s  is now a function of uij

s '' only.

For uniform displacements us = U the integral Dik can be explicitly
integrated,

2Dik = Ui
V

 nk dA
Asf

 + Uik
V

 ni dA
Asf

 - 2
3

 δik 
Uj

V
 nj dA

Asf

   = - (Uk∂iφo + Ui ∂kφo - 2
3

δikUj ∂jφo) (2.105)

Taking this result into account, and also allowing for anisotropy we
arrive at the general form

2Dik = 2cikmn φo umn
s ''   - (uk

s ∂iφo +ui
s ∂kφo - 2

3
δikuj

s ∂jφo) (2.106)
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Obviously the dimensionless parameter cikmn has the symmetry

ckimn = cikmn = ciknm (2.107)

and is trace free with respect to the first pair of indices,

ciimn = 0 (2.108)

A further symmetry follows from assuming that τik
s  can be obtained

from an energy density (cf. de la Cruz et al., 1993).  Since the energy
density must be quadratic in uik

s '' it is clear that

cikmn = cmnik (2.109)

Now

cikmn umn
s ''  = cikmn umn

s ''  - δmn ujj
s ''

                 = cikmn umn
s  - δmn ujj

s
(2.110)

Finally substituting this expression into equations (2.92) and (2.93)
we obtain the stress tensors in megascopic form,

τik
f  = -ηo pf δik + ξf  ∂j(ηo vj

 f) + 
∂η

∂t
 δik

+ µf ηo ( ∂k vi
 f + ∂i vk

 f - 2
3

 δik∂j vj
 f )

-  µf (1-ηo ) cikmn  (∂m vn
 s + ∂n vm

 s  - 2
3

 δmn∂j vj
 s ) (2.111)

 + µf  (vi
 f - vi

s) ∂kηo + (vk
 f - vk

s ) ∂iηo - 2
3

  δik (vj
 f - vj

s) ∂jηo

and

 τik
s  = Ks δik ∂j(φo uj

s
) + φ-φo

(2.112)
 + µikmn  ∂n um

s  + ∂m un
s  - 2

3
 δmn∂j uj

s
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where

µikmn = φo µs cikmn + 1
2

  δimδkn + δkmδin - 2
3

 δikδmn (2.113)

is the megascopic shear tensor generalizing µM.

The equations of motion are of the form

ηo ρf
o 

∂

∂t
 vi

 f =   ∂kτik
f  - Ii (2.114)

φo ρs
o 

∂
2

∂t
2
 ui

s = ∂kτik
s  + Ii (2.115)

where τik
f , τik

s  and Ii are given in (2.92), (2.93) and (2.98)
respectively.

Megascopic equations of continuity and pressure are easily found.
The pore scale fluid pressure is

∂

∂t
 pf =   - Kf ∂j v j

 f (2.116)

where Kf is the modulus of compression of the fluid.  Applying
volume averaging and retaining first order terms we find the equation
that relates the megascopic fluid pressure to the megascopic
kinematic variables,

ηo 
∂
∂t

 pf =   - Kf ∂j  ηo vj
 f  - 

∂η
∂t

(2.117)

Similarly the megascopic equations of continuity are

1
ρf

o  
∂

∂t
ρf + 1

ηo
 
∂

∂t
 η + 1

ηo
 ∇⋅ ηov f  = 0 (2.118)

(1 - ηo) (ρs - ρs
o) - ρs

o (η - ηo)  + ρs
o ∇⋅ (1 - ηo)us  = 0 (2.119)
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At this point we have once again exhausted all pore scale equations.
Counting the number of megascopic equations and variables, we see
that one more (scalar) equation is required to complete the system of
equations.  For the homogeneous isotropic case this equation was
taken to be the porosity equation, equation (2.65), which may be
written as

∂η

∂t
 = δsvj j

s  - δfvj j
f (2.120)

where
vi j

s  ≡ 1
2

  ∂i vj
s + ∂j vi

s (2.121)

vi j
f  ≡ 1

2
  ∂i vj

f + ∂j vi
f   (2.122)

In view of equation (2.117) this relation is both necessary and

sufficient for 
∂pf

∂t
 to be expressible as a linear combination of the two

divergences ∇•v f and ∇•v s.

When the unperturbed porosity ηo is not uniform, then even a
constant rigid motion of the porous medium as a whole induces a
time varying η.  That is, for vj

 f = vj
 s = vj, we have

∂η

∂t
 = - vj ∂j ηo (2.123)

The natural generalization of equation (2.87), allowing for
inhomogeneity and anisotropy, is thus of the form

∂η

∂t
 = ∆ i j

s
vi j

s  - ∆ i j
f

vi j
f  + ∆ j

d
 vj

f - vj
s  - vj

f ∂j ηo (2.124)

where the ∆’s are spatially varying parameters.
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viii Equations for a Spatially Varying Porosity

Equations of motion

φo ρs
o 

∂

∂t
 vi

s  = ∂k τik
s  + Fi (2.125)

ηo ρf
o 

∂

∂t
 vi

 f = ∂k τik
f  - Fi (2.126)

Stress Tensors
τik

s  = Ks δik   ∂j(φo uj
s) +  φ-φo  

+ µikmn    ∂n um
s  +  ∂m un

s  - 2
3

 δmn∂j uj
s  

(2.127)

τik
f  = -ηo pf δik + ξf  ∂j(ηo vj

 f) + 
∂η

∂t
 δik

 + µf ηo ( ∂k vi
 f + ∂i vk

 f - 2
3

 δik∂j vj
 f )

(2.128)
-  µf (1-ηo ) cijmn  (∂m vn

 s + ∂n vm
 s  - 2

3
 δmn∂j vj

 s )

 + µf  (vi
 f - vi

s) ∂kηo - (vk
 f - vk

s ) ∂iηo + 2
3

  δik (vj
 f - vj

s) ∂jηo

Force Between Phases

Fi = - pf ∂i ηo + µf ηo2 K-1  ij  (vj
 f-vj

 s) - ρij
12 ∂

∂t
 (vj

 f-vj
 s) (2.129)

Equations of Continuity

ηo 
∂

∂t
 ρf + ρf

o 
∂

∂t
 η+ ∇⋅ (ηoρf

o v  f) = 0 (2.130)

(1-ηo) 
∂

∂t
 ρs - ρs

o 
∂

∂t
 η+ ∇⋅ ((1-ηo)ρs

o vs) = 0 (2.131)
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Pressure Equations

  1
Kf

 
∂pf

∂t
  = - 1

ηo
 
∂η

∂t
  - 

∇⋅ (ηoρf
o v  f)

ηoρf
o  (2.132)

1
Ks

  
∂ps

∂t
  =  1

(1-ηo)
 
∂η

∂t
  -  

∇⋅ ((1-ηo)ρs
o v  s)

(1-ηo)ρs
o (2.133)

Porosity Equation

∂η

∂t
 = ∆ i j

s
vi j

s  - ∆ i j
f

vi j
f  + ∆ j

d
 vj

f - vj
s  - vj

f ∂j ηo (2.134)

ix Implications for the Energy Momentum Tensor

In this chapter we have observed the existence of separate stress
tensors for the component phases.  Each stress tensor is found to be a
function of the average strain of that component phase and the
porosity.  A specific relationship between the strain tensors and the
porosity can only be obtained in the context of a specific
porodynamic process.   In general the sum of these two stress tensors
yields the total stress acting on the medium and provides the spatial
components of the energy momentum tensor.  However the internal
stresses associated with forces between the components also provide
important information about the dynamics and this information is lost
when a simple sum of the two stress tensors is taken.  Thus it appears
that one must contend with two degrees of freedom in stress and
momentum and, as will be seen in Chapter III, with energy.  Of
course what has happened appears to be clear: When the physical
description of each phase was firmly and independently established at
the macroscale a separate energy momentum tensor could be
constructed for each of the continua; when one then proceeded to the
megascale the distinctive information in each of the energy
momentum tensors was retained.  Separate interacting energy
momentum tensors may now be written for each of the phases, or an
energy momentum tensor may be written for the total energy, total
momentum flux and total stress.  However this energy momentum
tensor must be supplemented by a tensor describing the energy,



The Thermophysics of Porous Media 49

momentum and stress associated with the megascopic interaction
between the phases.  Of course in limiting cases where the
distinctiveness of the components is lost then this second tensor
vanishes.

In the context of the Euler Lagrange equations, the motion associated
with the total stress describes the motion of the total mass (i.e., the
velocity and acceleration of the total momentum flux).  Information
about the relative forces between the phases and the relative motions
of the phases is absent from this equation.  The problem is that in one
dimension, for example, one has three degrees of freedom in strain in
general (the megascopic strain of the component phases and the
porosity) and two degrees of freedom in strain for the description of a
specific porodynamic process.  Thus it appears that megascopic
construction of two separate interacting equations of motion also
implies the existence of two separate interacting energy momentum
tensors and two separate sets of interacting sets of Euler Lagrange
equations.

In specific cases it can be shown that mathematical formalisms that
have been very useful in describing the dynamics of single
component systems reappear in an equivalent matrix formulation in
the description of porous media.
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Chapter III

Thermodynamics -
Porodynamics of Deformation

i Objectives of this Chapter

The objective of this chapter is to formulate megascopic relations for
the equilibrium thermodynamics of an elastic porous matrix saturated
with a compressible viscous fluid on a firm basis.  It is assumed that
the pores are well connected.  Volume averaged equations will be
used to provide the linkage to the pore scale thermodynamics rather
than employing what might be called an "axiomatic" approach.  Part
of the motivation is to find for porosity, the new purely megascopic
variable, its natural "thermodynamic" role.  It will be shown that
aside from its bookkeeping role (keeping track of proportions of the
phases by volume), the porosity also appears in the work terms.
Furthermore it is found to play a dynamic role independent of
temperature thus yielding a theory of porodynamics that has
analogies with thermodynamics.  It is clear that a thermodynamic role
for saturation in the case of compressible multiphase fluid motions
can be established in an analogous fashion.  Furthermore if one
considers the segregation of the phases by their mass fractions (cf.
Chapter VII), then the relevant thermodynamic variable becomes the
megascopic concentration.  The importance of the thermodynamic
role that the above megascopic thermodynamic variable plays in each
case occurs due to the relation between the dilational motions of the
component phases and the change of these megascopic variables.
This relation and how it is process dependent can be clearly seen
through the description of the fluid and solid components and their
interactions as described in sections ii, iii and iv.

Megascopic thermodynamic relations for the fluid phase are
constructed from the well-understood pore-scale description.  The
corresponding relations for the solid component are treated.  The
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internal energy for the porous medium is discussed in the context of a
system consisting of two superposed continua.  The effect of a
spatially varying porosity on the thermodynamic relations is
considered.

It is common to describe porous media in terms of two spatially
superposed interacting media (e.g., Gassmann, 1951; Biot, 1956;
Keller, 1977; Sanchez-Palencia, 1980; Burridge and Keller, 1981; de
la Cruz and Spanos, 1989).  The question then arises of how to
express thermodynamic ideas using only quantities that are
meaningful in this description.  Biot's work on poroelasticity was
founded on just such a "megascopic thermodynamics".  Many other
formulations have also appeared in the literature (e.g., Scheidegger,
1974; Marle, 1982; Koch and Brady, 1988; Gurtin, 1988; Gurtin and
Struthers 1990; Garcia-Colin and Uribe, 1991; Dullien, 1992,
Detourney, 1993, del Rio and Lopez de Haro, 1992).  Many of these
formulations are based on nonequilibrium thermodynamics
associated with multicomponent systems.  However the system
presented here is distinctly different than that of the nonequilibrium
multicomponent systems discussed by Pirogine (1954) and de Groot
and Mazur (1962) in that the laws of thermomechanics and
thermodynamics are firmly established in the individual component
phases at an intermediate scale in the present analysis.  Thus it
appears that the nonequilibrium theory of de Groot and Mazur (1962)
cannot be considered as applicable to porous media since it has a
different equilibrium limit than the theory constructed in this chapter
and does not allow for the important dynamic role that porosity must
play.

ii The Fluid Component

The megascopic energy balance equation for the fluid is

∂

∂t
 1
2

 ρ v2 + ε  = -∇⋅  v 1
2

 ρ v2 + ε + p  - v ⋅ σ'  - κ∇T (3.1)

Here ε is the internal energy per unit volume and σ' is the viscous
stress.
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Taking the volume average of equation (3.1) and using equation
(5.2.2) and (5.2.3) results in the relation

0 = 1
V

∂ ε

∂t
 + ∇⋅  v  ε + p   - κ∇T +  KV   dV

V 

= 
∂ η ε

∂t
 + ∇⋅ η v  ε + p   + pv ⋅ n

Afs

 dA (3.2)

- 1
V

∇⋅ κ∇T   dV
V 

+KV

where "KV" stands for the kinetic energy and viscous dissipation
terms.

Since relations for equilibrium thermodynamics is the objective of
this analysis the processes considered must be sufficiently slow.
Thus when ε and p appear as factors of the velocity in equation (3.2)
they may be replaced by ε and p.  The KV terms are negligible for
such processes.  The term involving temperature is

1
V

∇⋅ κ∇T   dV
V 

= ∇⋅ 1
V

κ∇T  dV
V 

 + 1
V

κ∇T⋅ n  dA
Afs

(3.3)

which is the sum of a heat flux term and a heat source term (the solid
component acting as a source).  It is the heat gain per unit time and is
denoted by δQ/δt.  One may therefore replace equation (3.2) by

∂  η ε
∂t

 + ∇⋅v  η ε + η p  + v⋅∇  η ε + η p   + p 
∂η
∂t

 - 
δQ
δt

 = 0 (3.4)

Using the volume averaged equation of continuity (de la Cruz and
Spanos, 1983)

0 = 
∂

∂t
 ( ηρ ) + ∇⋅ (ηρv )
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  = 
∂

∂t
 ( ηρ ) + v⋅∇  (ηρ ) + ηρ ∇⋅ v (3.5)

where the factor ρ of v has been replaced by ρ; equation (3.4)
becomes

 
∂  η ε

∂t
 -  

ε + p
ρ

 
∂
∂t

 ( ηρ ) +p 
∂η
∂t

(3.6)

+ v ⋅ ∇  η ε  - 
ε + p

ρ
 ∇ ( ηρ )  + p∇η   - 

δQ
δt

 + η v ⋅ ∇p = 0

By virtue of the megascopic equations of motion (de la Cruz and
Spanos, 1989; Hickey et al., 1995) the last term above contributes
solely to kinetic energy and viscous dissipation, and may be
disregarded here.  Thus equation (3.6) is interpreted to mean the
following thermodynamic relation,

d  η ε  = 
ε + p

ρ
  d( ηρ )  - p dη  + δQ (3.7)

The quantity δQ can be related to the entropy as follows.  Let S   be
the (pore scale) entropy per unit volume of fluid.  It satisfies the
general equation of heat transfer

∂ S

∂t
 + ∇⋅ S  v   - 1

T
∇⋅ (κ∇T) - 1

T
 σik

'  vi,k = 0 (3.8)

Volume averaging yields

∂ (ηS )

∂t
 + ∇⋅ ηS  v   - 1

V
∇⋅ (κ∇T )

T
V

dV - 1
V

σik
'  vi ,k

T
V

dV  = 0 (3.9)

Here it is assumed the temperature distribution is sufficiently smooth
and its gradient sufficiently small that the factor 1/T can be replaced
by 1/T.  Thus with the help of equation (3.5) one may rewrite (3.9) as
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∂ (ηS)

∂t
  - S

ρ
 
∂ (ηρ )

∂t
  + v ⋅ ∇  η S  - S

ρ
 ∇ ( ηρ )  

(3.10)

- 1
T

 
δQ

δt
  + viscous term = 0

So (3.9) is interpreted to mean

d(ηS)  = S
ρ

 d(ηρ )+ 1
T

 δQ (3.11)

Combining equations (3.7) and (3.11) yields

d  η ε  = 
ε - T S + p

ρ
  d( ηρ )  - p dη  + T d(ηS) (3.12)

Note that this relation involves only megascopic quantities.  Here η ε
and ηS  are internal energy and entropy (of the fluid component) per

unit volume of the porous medium.  For η  ≡ 1 and V→ 0, one
recovers the familiar

d ε = 
ε - T S  + p

ρ
  dρ + T dS  (3.13)

The energy and entropy per unit mass (of fluid) are η ε/ηρ = ε/ρ and
S  /ρ respectively.  From (3.12) one obtains

 d(ε/ρ) = (p/ηρ2) d(ηρ) - ( p/ηρ) dη + T d(S  /ρ)
(3.14)

 = (p/ρ2) d(ρ) + T d(S  /ρ)

Equation (3.14) has exactly the usual form.  However, one must bear
in mind that ηρ, not ρ, is the mass of fluid per unit volume of the
porous medium.  Further developments of equation (3.12) are given
in section iv.
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All the equations in this section refer to the fluid component.  For
notational simplicity the subscript f has been omitted, but shall be
used in later sections to indicate quantities associated with the fluid.

iii The Solid Component

Turning now to the solid component, the interest (as in the ordinary
theory of elasticity) shall be only in small deformations from a
uniform, "unperturbed" state.  The megascopic equation of motion is
of the form (de la Cruz and Spanos, 1989)

∂

∂t
 (φρsui

s) = ∂kτik
s  + Fi

s (3.15)

where φ ≡ 1-η , τik
s  is the megascopic stress tensor, and Fi

s is the body
force representing the action of the fluid component (essentially the
Darcian resistance).  For quasi-static processes Fi

s = 0.

For the remainder of this section the notation is simplified by

dropping the ubiquitous index s.  Thus, τik will stand for τik
s

, etc.

When a deformation takes place, the porosity as well as the
(megascopic) displacement u is changed.  Thus, proceeding for the
moment on the megascopic level, it is assumed the work done by the
stress τik is of the form

δR = ∂kτik δui + Φ(τik)δφ  d3x (3.16)

where Φ is some algebraic function of the stress tensor.  The
implication of equation (3.2) will be checked against volume-
averaged relations shortly.  Since Φ is a scalar and vanishes if τik = 0,
one obtains

Φ(τik) = a τii + higher order terms (3.17)
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where a is a dimensionless constant.  Substituting (3.17) into (3.16)
and performing an integral by parts yields

δR = - τik δuik - a τi
i δφ  d3x (3.18)

where
uij = 1

2
 (ui,j + uj,i) (3.19)

Let U and S denote internal energy and the entropy of the solid
component, referring to the fixed amount of matter enclosed in a unit
volume of the unperturbed medium.  Then according to equation
(3.18) one obtains

d U = τik duik
'  + T dS (3.20)

where
uik

'  ≡ uik - a(φ - φo)δik (3.21)

φo ≡ 1 - ηo being the unperturbed value.  For the free energy
F = U - T S , one obtains

d F = τik duik
'  - S dT (3.22)

Hence

τik = 
∂F( T, uik

' )

∂uik
'

(3.23)

By hypothesis, when T - To = φ - φo = 0 and uik = 0, there is no stress
(taking pf

o = 0 for simplicity),

∂F( T, uik
' )

∂uik
'

 | T = To

uik
 '  = 0

 = 0 (3.24)

The most general scalar function F satisfying (3.24) that can be
constructed out of T - To and the symmetric uik

'  is, to second order, of
the form
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F( T, u
'
) = φoFo(T) + a1(T - To) ujj

'

(3.25)
+ a2(uik

'  - 1
3

 δikujj
' )2 + a3ujj

' 2

where the function Fo(T) is independent of uik
' , and where ai are

constants.  Using (3.23) one observes

τik =  a1(T - To)δik  + 2a2(uik - 1
3

 δikujj) 

(3.26)
+ 2a3δik ujj- 3a (φ-φo)

This is indeed of the form obtained on the basis of the volume
averaging procedure (de la Cruz and Spanos, 1989, Hickey et al.,
1995):

τik = - φoKα(T-To)δik+  2µM [ uik - 1 3δikujj)] 

(3.27)

 + φoKδik ujj + 
φ-φo

φo

  +
 
non-static terms

Identifying the two τik from equations (3.26) and (3.27) yields

a1 = - φoKα,   a2 = µM,   a3 = 1
2

 φoK,   a = - 1 3φo (3.28)

Here 1/K is the coefficient of compression of the solid material and α
is the coefficient of thermal expansion (both therefore assumed
given), and µM is a megascopic shear modulus of the medium (cf.
Hickey et al., 1995).  The free energy is, from (3.25),

F( T, uik
' ) = φoFo(T) - φoKα(T - To) ujj

'

(3.29)
+ µM(uik

'  - 1
3

 δikujj
' )2 + 1

2
 φoKujj

' 2

with
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uik
'  = uik + 1

3
δik

φ-φo

φo

(3.30)

The entropy S is, with the help of (3.29), given by

S = - 
∂F(T, uik

' )

∂ T
(3.31)

= - φo
∂Fo(T)

∂T
 + φoKα ujj  + 

φ-φo

φo

to first order.  On the other hand, the macroscopic entropy S  of the
solid material per unit volume is given by

S  = So(T) + Kαujj   (1- ukk) (3.32)

where the expression in square brackets refers to a unit volume of the
undeformed material (Landau and Lifshitz, 1975).  Thus the
megascopic entropy per unit volume is, using (3.32) and the
averaging theorems of section i,

φS  = 1
V

 S  dV
V

=  φoSo(T) (1- ujj) + φo Kα ujj  + 
φ - φo

φo

(3.33)

For a unit volume of the unperturbed medium, one must multiply φS 
by

φoρo

φ ρ
  ≈ 1 + ujj (3.34)

The result is
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φS  (1+ ujj) =  φoSo(T) + φo Kα ujj + 
φ - φo

φo

(3.35)

which shows that S of equation (3.31) is indeed the entropy, and

- 
d Fo(T)

d T
 = So(T) (3.36)

i.e.,  Fo(T)  is the free energy (per unit volume) of the solid material
at temperature T and zero (macroscopic) deformation, uik =  0.

By an argument similar to that which led to equation (3.29) for the
free energy, one observes that the energy U, an expression of the
form (to second order)

U( S, uik
' ) = φoUo(S) + b1(S - So) ujj

'

(3.37)
+ b2(uik

'  - 1
3

 δikujj
' )2 + b3ujj

' 2

where

So = - φo 
d Fo(To)

d To
(3.38)

is the unperturbed entropy, and
φoUo(S) = U( S,0)

(3.39)
 =  φo Fo(T) + T S

in which the function T(S) is the solution of

S = - φo 
d Fo(T)

d T
(3.40)

To determine the constants b1, b2, b3, the stress is computed from
U( S, u'

ik),
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τik = 
∂ U( S, u'

ik)

∂ u'
ik

(3.41)

 = b1(S - So) δik + 2b2(uik - 1
3

 δikujj) + 2b3δik ujj + 
φ - φo

φo
(3.42)

and use equation (3.31) in the form

S - So = φocv (T - To)/To + φoKα u'
jj (3.43)

where the heat capacity cv enters through the usual thermodynamic
relation

cv =  - To 
d2Fo(To)

dTo
2

(3.44)

Thus,

τik  = b1φo cv
(T - To)

To
δik + 2b2(uik - 1

3
 δikujj)

(3.45)
+ δik 2b3+b1φoKα  u'

jj

Comparison with equation (3.27) yields the values for bi and the
energy (3.37) is found to be

U( S, u'
ik) = φoUo(S) - ToKα

cv
 (S - So) u'

jj

(3.46)
+ µm(u'

ik - 1
3

 δiku'
jj)2 + 1

2
φoKadu'

jj2 

where Kad is the adiabatic bulk modulus of the solid material.

iv Internal Energy for Porous Media

To minimize notational clutter, the bars will be omitted in this
section, e.g., ρf stands for ρf.
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In this section a discussion is presented for the sense in which a
porous medium, regarded as a system consisting of two superposed
continua, can be said to have an internal energy density, and, further,
how it is related to the stresses and strains.

The internal energy density ηεf of the fluid continuum satisfies,
according to equation (5.2.15), the thermodynamic relation

d(ηεf) = 
εf - Tf S  f + pf

ρf
  d(ηρf )  - pf dη  + Tf d(ηS  f) (3.47)

The mass of a unit volume is ηρf, which is of course a variable.  To
refer to the amount of fluid contained in a unit volume of the
"unperturbed" medium, one must multiply ηεf by ηoρf

o/ηρf.

Writing
Uf ≡ (ηoρf

o/ηρf)ηεf (3.48)

Sf ≡ (ηoρf
o/ηρf)ηSf (3.49)

one obtains from (3.47) the relation

dUf = ηpf 
d(ηρf )

ηρf
  - 

dη
η

  + Tf dSf (3.50)

where η≈ηo, ρf≈ρf
o
  have been used in the coefficients (as we are

interested in small changes here).  For certain purposes (Biot, 1956;
de la Cruz and Spanos, 1989) it is useful to introduce the fluid
displacement vector uf.  Since the equation of continuity is (for slow
processes in the neighbourhood of the unperturbed configuration),
from (3.5)

∂

∂t
 (ηρf) + ηρf∇⋅ vf = 0 (3.51)

uf is required to satisfy

 d (ηρf)/ηρf = -d∇⋅ uf (3.52)
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Hence (3.50) can be written as

dUf = -ηpf d ukk
' f   + Tf dSf (3.53)

where

ukk
' f   ≡ ∇⋅ uf + 

η -ηo

ηo
(3.54)

Clearly, equation (3.54) is the fluid counterpart of equation (3.20),

dUs = τik
s  duik

' s + Ts dSs (3.55)

where from (3.31)

 uik
' s  ≡ uik

s  + 1
3

 
φ -φo

φo

 δik (3.56)

and φ ≡ 1 - η.  According to (3.53) and (3.55),

Uf = Uf(Sf, ukk
' f ) , Us = Us(Ss, ukk

' s ) (3.57)

and the stresses are given by

-ηpf = 
∂Uf

∂ukk
' f

  , τik
s  = 

∂Us

∂uik
' s

(3.58)

Hence one may formally write

-ηpf = 
∂(Uf + Us)

∂ukk
' f

 
, τik

s  = 
∂(Uf + Us)

∂uik
' s

(3.59)

In this sense the function Uf + Us may be regarded as an "energy
potential" for the porous medium, from which the fluid and solid
stresses can be obtained by differentiation with respect to the
"strains" ukk

' f  and uik
' s.

In Biot's (1956) classic paper on poroelasticity, an "elastic energy

potential" W(∇⋅ uf, uik
s ) is postulated to exist such that
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-ηpf = 
∂W

∂∇⋅ uf

 , τik
s  = 

∂W

∂uik
s

(3.60)

It is seen that equations (3.59) and (3.60) are close in form, with W

taking the place of Uf + Us, and ∇⋅ uf and uik
s  replacing ∇⋅ uf + 

η -ηo

ηo

and uik
s  - 1

3
 δik

(η -ηo)
(1 - ηo)

 respectively.  In Biot's (1956) formulation, the

variable η does not appear explicitly.  One might attempt to introduce
at the outset some relation, e.g. (de la Cruz and Spanos, 1989),

η -ηo  = δs∇⋅ us - δf∇⋅ uf (3.61)

and use it to eliminate η everywhere, so that Uf + Us becomes a

function of ∇⋅ uf and uik
s .  Carrying this out with the help of

equations (3.53) and (3.55) one observes that

∂(Uf+Us)

∂∇⋅ uf

 = -ηpf   + δf pf + 1
3

 
τii

s

(1-η)
(3.62)

and
∂(Uf+Us)

∂uik
s

 = τik
s    - δs δik pf + 1

3
 

τjj
s

(1-η)
(3.63)

For Biot's (1956) relations (3.60) to be valid, assuming W = Uf+Us, it
would then be necessary that δs = δf = 0.  However, δf and δs can be
determined from measurable compressibilities (Hickey et al., 1995)
and are demonstrably non-zero.

The developments given in sections ii and iii show that η enters the
thermodynamic relations on the same footing as ηρf and uik

s .  This is
hardly surprising, since in quasi-static changes the presence of one
component is made known to the other largely through porosity.
Nothing from the pore-scale physics would lead one to expect a
functional relation f(ηρf, uik

s ,η) = 0.  It seems therefore reasonable to
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regard a relation such as (3.61) or more correctly (de la Cruz and
Spanos, 1989)

∂η

∂t
  = δs∇⋅ vs - δf∇⋅ vf (3.64)

for suitable values of the parameters δf and δs as merely selecting
particular processes to consider, much as for example the relation

 T - To
To

 = - Kα
cv

 ∇⋅ u (3.65)

in ordinary elasticity expresses adiabaticity.  It is not to be introduced
from the beginning as though it were an equation of state.

Finally note that equation (3.60), in contrast to the two equations of
(3.59), is not in fact very meaningful.  For the sum Uf + Us refers to
the fluid and solid materials in a unit volume of the unperturbed
configuration.  After a deformation has taken place, each component
will have defined a separate region in space.  That is, the original unit
volume will have "bifurcated" into (partly overlapping) regions
mapped out by the two velocity fields vf and vs.  Only the sum of the
energies in a unit volume fixed in space can be properly called the
internal energy density of the porous medium.  This quantity is
(φρs/φoρs

o)Us + (ηρf/ηoρf
o)Uf.

v The Effect of Heterogeneity

In Chapter II it was observed that when porosity is allowed to vary
with position that the strain

uij
s ' = uij

s  + 1
3

 δij (φ - φo) (3.66)

associated with the stress tensor must be generalized to

uij
s '' = uij

s  + 1
3

 δij (φ - φo + uk
s ∂kφo)/φo (3.67)
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in order to retain the same relations with the stress tensor being a
function of the single quantity uij

s ''.  As a result the free energy of the
porous matrix must now be written as

Fs( T, uik
s '') = φoFo

s(T) - φoKsαs(T - To) ujj
s '' 

(3.68)

+ µM(uik
s '' - 1

3
 δikujj

s '')2 + 1
2

 φoKsujj
s ''2

The entropy is now given by

Ss - So
s  = φocvs  (T - To)/To + φoKsαs ujj

s '' (3.69)

and the internal energy by

Us( Ss,uik
 s '') = φoUo

s(S) - ToKsαs
cv

 (Ss - So
s ) uj j

 s '' 
(3.70)

+ µm(uik
 s '' - 1

3
 δikujj

 s '')2 + 1
2

φoKad
s ujj

 s ''2 

vi Summary

It has been observed that in order to completely specify Newton’s
second law one must account for the average strains of the various
phases and how these phases change in proportions within a volume
element.  This causes a new dynamic variable, porosity, to be
introduced into both the thermomechanics and thermodynamics at the
megascale.  In the case of multiphase flow, saturation and
megascopic concentration will also be shown to become dynamic
variables.

In this chapter it has been shown that this new dynamic variable
naturally enters the thermodynamics and that it is required for
physical consistency.  As a result one obtains theories of
poromechanics and porodynamics which parallel thermomechanics
and thermodynamics.
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Chapter IV

Thermodynamic Automata

i Objectives of this Chapter

In this chapter a description of basic physical theory is constructed at
a fundamental level by developing a relativistic automaton model.  A
thermodynamic lattice gas description of fluid flow is obtained.  It is
shown that the simulation results obtained from this model are
consistent with the predictions of statistical mechanics.  Udey et al.
(1999) have shown that the relativistic Boltzman equation and the
Energy Momentum tensor may be rigorously derived from the
collision and propagation rules.  The non-relativistic limit of this
description is considered and it is shown that the model may be
adapted to describe fluid flow phenomena in porous media.  The
basic principle of the thermodynamic automaton is to introduce
physical theory at the particle level.   The particles move on a lattice
such that information about the propagation and collisions that
particles undergo is recorded at discrete positions in space and after
specific time intervals.  The principal characteristic that distinguishes
the model presented in this chapter from other lattice gas models is
that the momentum of the particles is a continuous variable.   Here
the properties of all of the particles in a volume element are ascribed
to a single point, represented by the lattice site.  This point for the
sake of simplicity may be thought of as the center of the volume
element.  One may then observe, for a relativistic gas, established
macroscopic physical theory evolve from the model.  This property
makes the thermodynamic automaton model construction very
similar to the volume averaging discussed previously.  Since the
automaton and volume averaging analyses are shown to result in
some equivalent megascopic predictions, the similarities should not
be surprising.  The difference between these two methods of course is
related to the fact that they supply different ways of inputting the
physics.  Volume averaging relates to a mathematical description of
natural phenomena using differential equations.  The automaton
relates to a computation description using particle dynamics.

It has been observed by Yang et al. (1999) that if the average particle
velocity is less than .2 times the speed of light then non-relativistic
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collision rules yield results that are indistinguishable from the
relativistic rules.  When this modification is made the dimensionless
velocity loses the association with being a fraction of the speed of
light.  The thermodynamic behaviour of the automaton model,
however, retains the thermodynamic properties of an ideal gas.

In order to make the gas model behave with liquid properties, surface
tension, incompressible flow, etc., additional rules are introduced.  It
should be noted that at this point the model completely separates
from basic physical theory in that physical behaviour is only modeled
by placing constraints on the particle behaviour.   What is required is
to implement physical rules at the particle level, which allows the
automaton model to undergo a phase transition and thus exhibit the
thermodynamic properties of a liquid as well as a gas-liquid phase
transition.  However since both gases and liquids satisfy the Navier
Stokes equation, the automaton model presented in this chapter can
be used to correlate with known liquid behaviour under the
conditions of thermodynamic equilibrium.

In section iii the relativistic model is presented.  The importance of
this model is that it will be the model where the accuracy of such
future generalizations such as a gas liquid phase transition will be
evaluated.  In section iv the non-relativistic model is presented.   In
section v a porous medium is introduced.

ii Cellular Automata Models

Cellular automata models provide an alternative to mathematical
equations when modeling or describing physical systems.   Particles
are allowed to move on a lattice according to prescribed rules.  One
of the largest breakthroughs in the development of automaton models
came when Frisch, Hasslacher and Pomeau (1986) showed that
particles having discrete mass and velocity and populating a two
dimensional triangular lattice evolve according to the incompressible
Navier Stokes equation in the limit of large lattice size and low
velocity.  This class of automata models in which particles move on a
lattice according to simple collision and propagation models are
referred to as lattice gas models.  The principal characteristics of
lattice gas models are that they are discrete in space, time and
velocity.  The models evolve such that in one time step the particle
propagates by one lattice unit to neighbouring lattice sights.
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Furthermore the particles obey an exclusion principle because no
more than one particle may occupy a particular propagation direction
at any given site.  In order to achieve macroscopic isotropy using
these rules one is restricted to a triangular lattice in two dimensions.
In three dimensions isotropy requires that one use a four-dimensional
face-centered hypercubic lattice and then project the simulation
results into three dimensions.  The equilibrium distribution of these
models has the form of a Fermi-Dirac distribution.  Another problem
that arises is that the equilibrium function of models with different
equilibrium flow rates is not related by a Galilean transformation.
Many developments and improvements of these original lattice gas
and lattice Boltzmann automata models have been made over the past
decade and these methods have become a very powerful tool in
solving a range of physical and mathematical problems (cf. Laniczak
and Kapral, 1996).  However the problem of Galilean invariance and
the Fermi-Dirac distribution has only recently been resolved.

In this chapter an alternative model that is continuous in momentum
space is presented.  In the development of this model the objective is
to go from the fundamental to the applied.  In order to overcome the
problem of particles propagating more than one lattice site in a time
step, the velocity of one lattice unit per time step is designated as the
speed of light.  In order to allow the particle velocities to take on all
values between 0 and 1 as well as all propagation directions the
propagation rules are made probabilistic.  The collisions are taken to
be Lorentz invariant elastic collisions.   The model is shown to be
consistent with the physical theory associated with a relativistic gas,
and then a non-relativistic model is constructed which is shown to be
consistent with the non-relativistic limit of the original model.
Models of flow and diffusion are constructed.  A porous medium
may then be introduced in two different ways: flow through pore
scale structures and also directly through the collision rules.

iii A Lorentz Invariant Lattice Gas Model

As mentioned in the previous section the lattice gas model discussed
in this chapter has many similarities to the construction of volume-
averaged equations as discussed in the previous chapters.  Here
particles are allowed to populate a discretized space that is equivalent
to all of the particles and their properties in a volume of space being
ascribed to a point in that volume.   In the case of volume averaging
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all volume elements were assumed to be of similar size, shape and
orientation.  In the present automaton model, space is broken up into
volume elements.  In both cases the properties of a volume element
are ascribed to a point (the center of the volume element, say) and
then one goes up in scale such that a continuum description may be
used to model the resulting dynamics.

Since the choice of the lattice is irrelevant to the resulting
observations (Udey et al., 1999) the model will be discussed in terms
of the simplest lattice in three dimensions, the cubic lattice and its
two-dimensional analogue, the rectangular lattice.  The generalization
to other lattices is straightforward.  In the current model the
maximum velocity that a particle may attain is one lattice distance
(the distance between neighbouring lattice sites) in one time step.
Therefore, as previously mentioned, that velocity is taken to be the
speed of light.

In two dimensions each site is labeled by (i,j) in a rectangular array
of lattice sites with imin ≤ i ≤ imax  and jmin ≤ j ≤ jmax.  The position of
site (i,j) is x = (xi , yj )  where xi = L* i, yj = L* j and x  specifies the
position at the center of a lattice cell (i,j) which has an area L2.   At
each time step a particle with velocity v = (vx , vy ) and residing in
cell (i,j) has a probability Mab(v) of moving to cell (i+a, j+b) where
a,b can take the values -1,0,1.

The x and y components of motion are independent and therefore
may be considered separately; thus the two dimensional propagation
rules may be decomposed into two one-dimensional sets of rules.
Consider a single particle with the x component of its velocity given
by vx.  Now let Ma

vx
vmax

 represent the probability of the particle

moving from its current position along the x axis (i) to the position
(i+a).  Thus M1

vx
vmax

 is the probability of moving right by one site,

M0
vx

vmax
 is the probability of staying at the same site and M-1

vx
vmax

is the probability of moving left by one site.  Here  Mi v , the one-
dimensional movement matrix, is defined by
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Ma v  = 

θ(v)*v                                         a =1

θ(v)*(1-v) + θ(-v)*(1+v)           a=0

θ(-v)*(-v)                                    a=-1

    (4.1)

where the Heavyside step function θ(x) is defined by

θ(x) = 
1                 x>0
1/2              x=0
0                x<0

   (4.2)

and Ma v  has the properties (note the Einstein summation convention
is not used in this chapter)

∑
a=-1

1

Ma v  = 1 (4.3)

a*∑
a=-1

1

Ma v  = v (4.4)

For a single particle, which starts at x = 0, its position after N time
steps is determined by applying the movement algorithm N times.  In
the absence of any collisions with other particles the particle will
have moved N-1 times to the left, N1 times to the right and will not
have moved N0 times.  The particle position will then be

x = ( N1 - N-1)*L (4.5)

If N is very large or if this scenario is repeated many times, then one
can think about the motion as being statistical.  The expected values
for Ni would be

Na  = N*Ma
vx

vmax
(4.6)

and the average motion along the x axis is given by

x  = vx*t (4.7)
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where t = N*∆t .  In two dimensions the average motion is a straight
line given by x  = v*t , which may be obtained by simply applying the
above argument to each of the axes.
The two-dimensional movement matrix may now be expressed in
terms of the one-dimensional movement matrixes by

Mab(v) = Ma vx  Mb vy (4.8)
where

∑
a=-1

1

Mab(v∑
b=-1

1

) = 1 (4.9)

The general case of an arbitrary velocity in two dimensions is
reduced by rotations to the case vx ≥ 0 and vy ≥ 0.  Thus the
movement matrix becomes

Mab(v) =  
0 (1-vx)*vy vx*vy
0 (1-vx)*(1-vy) vx*(1-vy)
0 0 0

(4.10)

The ability of a particle to move in any direction removes the
restriction that the particles move along the lattice and relegates the
lattice to the role of bookkeeper.  This ability also removes the
restriction of standard lattice gas models that the equilibrium
distribution be constrained to a Fermi-Dirac distribution.  In the
majority of the following discussions the mass of the particles is set
to m = 1.  The space-time metric is gαβ = diag(-1,1,1)  where the
Greek indices take on the values 0,1 and 2.  The three velocity is

v  = (vx, vy) where vx = 
px

E
 and vy = 

py

E
.  The quantities px and py are

the spatial components of the relativistic momentum and E is the
energy.  Here the energy is related to the spatial momenta by the
usual formula E2 = px2 + py2 + m2 for an ideal gas.  In order to
consider a non-ideal gas a potential energy between the particles
must be introduced.

Since the particles can move in any direction on the lattice real
particle collisions may be implemented.  Here special relativistic
elastic binary collisions are adopted, as the collision rule, and a
formal description of these rules is available in any introductory text
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on special relativity.  Now allow two particles, of different rest mass
say, to collide.  A Lorentz transform is taken of their momenta from
the lattice (laboratory) frame into the center-of-mass frame of the
collision.  These momenta are denoted by p1

α = (p1, E1) and
p2

α = (p2, E2)  where p1 = - p2.  The outcome of the collision is found
by rotating the initial spatial momenta p1 and p2 into the final spatial
momenta p1

 '  and p2
 '
 by an angle θ.  A random value for θ is generated

in the interval [-π, π] yielding the outcome of the collision.  The
energies E1

 '  and E2
 '  of the particles are now calculated and, finally,

the particles' new momenta are transformed back to the lattice
(laboratory) frame.

Here W(p1
α, p2

α|p3
α, p4

α) represents the probability that two particles

with momenta p1
α
 and p2

α
 collide and end up with momenta p3

α
 and

p4
α

.  The symmetry of the collision under an exchange of particles
imposes the condition

W(p1
α, p2

α|p3
α, p4

α) = W(p2
α, p1

α|p4
α, p3

α)

Also the generation of a univariate deflection angle θ in the collision
ensures that the reverse collision has the same probability as the
forward collision.

At this point it is important to note that colliding the particles in the
center-of-mass frame will result in Lorentz invariance in the
relativistic model and Galilean invariance in the non-relativistic
model distinguishing the thermodynamic automaton from other
automata models.

The principal property of the gas that is being examined in this
section is the distribution function of the gas.  The Lorentz invariant
distribution function for a gas is defined by stating that Nij

t (p) is the
number of particles in the momentum range dω in cell (i,j) at time t.

The total number of particles in cell (i,j) at time t, N0ij
t , and the

corresponding number density, n0ij
t , is then
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N0ij
t  = n0ij

t V = Nij
t (p) dω

p=0

∞
(4.11)

where

dω = 
dpx dpy

|p4|
(4.12)

is the Lorentz invariant volume element of momentum.

The evolution of particles on the lattice is obtained by allowing
propagation and collisions to occur sequentially.

Let ∆M Nij
t  represent the change of Nij

t (p) due to particles leaving
and entering cell (i,j).  The updated value may then be denoted by

M( Nij
t ) = Nij

t  + ∆M Nij
t (4.13)

Equation (4.13) then represents an application of the movement

operator M  on the distribution function Nij
t .  The change due to

collisions is denoted by ∆C Nij
t  so that the updated value of the

distribution function is

C(Nij
t  ) = Nij

t  +  ∆C Nij
t
 (4.14)

Here equation (4.14) represents an application of the collision
operator C on Nij

t .  The total change in the distribution function in
one time step is obtained by applying the movement operation to the
distribution function followed by the collision operation.  These
sequential operations may be represented mathematically by

Nij
t+1 = C(M(Nij

t  ) ) (4.15)

Employing these two operations one observes that the total change of
the distribution function in a cell from one time step to the next is

Nij
t+1 = Nij

t  + ∆ Nij
t

(4.16)
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where the total change in the number of particles is

∆ Nij
t  = ∆M Nij

t  + ∆C Nij
t

(4.17)

 Thus the total change in the distribution function in a cell is
Nij

t+1 = Nij
t  + ∆M Nij

t  + ∆C Nij
t (4.18)

The change in the number of particles in a cell due to particle motion
consists of the number of particles entering from neighbouring cells
∆M

+
 Nij

t  minus the number of particles that leave the cell ∆M
-

 Nij
t , i.e.,

∆M Nij
t  = ∆M

+
 Nij

t  + ∆M
-

 Nij
t

(4.19)

The number of particles which leave an arbitrary neighbour cell
(i+a,j+b) to enter (i,j) is  the number of particles in that cell
multiplied by the probability of moving to cell (i,j).  Summing this
number of particles, Ni+a,j+b

t (p)*M-a.-b(v), over all neighbouring cells
gives the net influx of particles into cell (i,j) which yields

∆M
+

 Nij
t (p) = Ni+a,j+b

t (p)*M-a.-b(v) - Nij
t (p)*M0.0(v)∑

b=-1

1

∑
a=-1

1

(4.20)

The probability of leaving the cell is 1 minus the probability of
staying in the cell.

Thus the number of particles leaving the cell (i,j) is the number of
particles in the cell multiplied by the probability of leaving the cell.

 ∆M
-

 Nij
t (p) = Nij

t (p)* 1 - M0.0(v) (4.21)

The total change due to particle propagation is obtained by
combining equations (4.20) and (4.21) with equation (4.19) to yield

∆M Nij
t (p) = Ni+a,j+b

t (p)*M-a.-b(v) - Nij
t (p)∑

b=-1

1

∑
a=-1

1

(4.22)
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If the gas is in equilibrium then the particle distribution should be the
same in each cell.  Under this condition equation (4.22) reduces to

∆M Nij
t  = 0 (4.23)

This condition also expresses a lack of net particle and heat flow in
equilibrium.

Now let L(a,b) = xi+a, j+b - xi, j where L is the lattice spacing.  If the
particle distribution is a slowly varying function of position then one
may write

Ni+a,j+b
t  = Nij

t  + L(a,b) ⋅  ∇Nij
t

(4.24)

Now substituting (4.24) into (4.22) and using the relations (4.3),
(4.4), (4.8) and (4.9) one obtains

∆M Ni,j
t  = - Lv ⋅  ∇Nij (4.25)

This result may now be substituted into (4.17) which in turn may be
substituted into (4.16).  The result is the lattice Boltzmann equation:

Ni,j
t+1 -  Ni,j

t  +  Lv ⋅  ∇Nij = ∆CNi,j
t

(4.26)

Assuming that the distribution function is a slowly varying function
of time then lattice Boltzmann equation may be converted into an

equation of the evolution of the particle distribution.  First  Ni,j
t  may

be expanded as

Ni,j
t+1 =  Ni,j

t  +  
∂Ni,j

t

∂t
 ∆t

(4.27)

Then substituting this expression into the lattice Boltzmann equation
one obtains
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∂Nij
t

∂t
 ∆t +  Lv ⋅  ∇Nij = ∆CNij

t

(4.28)

Equation (4.28) represents the equation of evolution of the gas in the
frame of reference of the lattice.  Equation (4.28) may now be
converted into a Lorentz invariant form.  Multiplying equation (4.28)
by w4/(c∆t) one obtains

∂Nij
t  wα

∂xα
  = w4

∆CNij
t

c ∆t (4.29)

The collision term on the right hand side of equation (4.29) is the
relativistic collision term and represents the net change in the number
of particles in momentum state pα due to binary collisions.  Now
denote it by

DcN ij
t   = w4

∆CN ij
t

c ∆t (4.30)

In terms of the collision transition probability, the collision term is
(Israel, 1972)

DcNij
t  (pα)  = Nij

t  (p1
α)Nij

t (p2
α)W(p1

α,p2
α|p3

α,pα)dw1dw2dw3

(4.31)

-  Nij
t  (pα)Nij

t  (p1
α)W(pα,p1

α|p2
α,p3

α)dw1dw2dw3

This relationship expresses the number of particles entering the state
pα minus the number of particles leaving the state pα.

Now rewriting equation (4.29), using equation (4.30), one obtains the
relativistic Boltzmann equation for a lattice gas in the absence of
external forces
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(Nij
t  wα);α  = DcNij

t   (4.32)

Here ; denotes the covariant derivative.  In the previous relation
(4.29) a partial derivative was obtained because the equation was
expressed in terms of flat space-time Cartesian coordinates xα.
Equation (4.32) is the equation of evolution for this lattice gas model.

Now that the relativistic Boltzmann equation has been obtained the
established theory of relativistic thermodynamics may be applied to
this analysis.  Israel (1972) gives a thorough description of this
theory.  Using this theory Udey et al. (1999) have shown that the
thermodynamic automata obeys conservation of mass flux,
conservation of the energy momentum tensor and that the Boltzmann
H theorem is satisfied (in an isolated system the entropy remains the
same or increases).  Also, theoretical expressions for the equilibrium
form of the distribution function, the mass flux and the energy
momentum tensor were obtained.  These quantities were also
measured in simulations and shown to yield accurate correlations
between the theory and simulations.

iv A Non-Relativistic Model

Plane Poiseuille flow can be modeled by the conventional lattice gas
FHP model (Frisch et al., 1986), with particle reversing applied at the
walls (e.g., Rothman, 1988) to simulate a no-slip boundary condition.
In general particle reversing can be used to model the effect of an
impulse on the particle and thus can also be used to model the effect
of external forces.  Since the conventional model did not incorporate
thermal effects, the influence of heat generated by viscous dissipation
could not be addressed.  Chen et al. (1989) utilized a multi-speed
lattice model, an extension of the HLF model (D'Humières et al.,
1986), to conduct an isothermal channel flow simulation with a no-
slip boundary.  Although temperature was included in their model,
the effect of viscous heating was not observed.  Yang et al. (1999a)
simulated a thermodynamic process of plane flow with a similar
insulating no-slip boundary condition and demonstrated the effect of
viscous heating on the temperature of the fluid and thus the fluid
viscosity.  The objective of this chapter is to discuss the use of the
thermodynamic automata in describing flow through porous media.
The effect of boundaries, of course, becomes a dominant
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phenomenon when dealing with porous media, and thus obtaining
proper boundary conditions is essential.

Thermal boundary conditions that can be considered as a heat bath
have been used in both molecular dynamics (Tenenbaum et al., 1982;
and Trozzi and Ciccotti, 1984) and in a lattice gas simulation for heat
conduction processes (Chopard and Droz, 1988; and Chen et al.,
1989).

Using Lorentz invariant elastic collisions and probabilistic particle
propagation rules the relativistic Boltzman equation can be modeled
exactly (Udey et al., 1999).  Udey et al. (1999) also demonstrated
numerically that the particle collision rules generate the equilibrium
distribution for momentum flux and the energy momentum tensor as
predicted by the relativistic Boltzman equation.  It was also
demonstrated analytically in the previous section that the relativistic
Boltzman equation could be derived from the particle rules.

In the present discussion non-relativistic elastic scattering rules are
considered in conjunction with the same probabilistic particle
propagation rules as Udey et al. (1999). Yang et al. (1999a)
considered simulations of flow with boundaries constrained by
insulating and thermal boundary conditions.

A summary of the thermodynamic automaton simulation is given in
the following steps:

(1) Initialize the cells and the lattice (usually either triangular or
square) and specify the boundary conditions (periodic, no-slip or
thermal boundaries).

(2) Use a random number generator to generate additional random
number generators, which are then assigned to each cell.  When a
single random number generator was used in a systematic fashion
across the lattice for the description of particle collisions and
propagation, an asymmetric flow profile was obtained.  However
when a new random number generator was generated at each
lattice site, the profile became symmetric.

(3) Initialize a set of particles (say 100 particles in each cell).  Each
cell is randomly assigned a random number generator from a
pool of random number generators; this avoids coherence effects
between cells  (the particle speeds are then observed to quickly
evolve to the Maxwell-Boltzmann distribution).  The particles
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can also be initialized such that their initial velocities also fit the
Maxwell-Boltzmann distribution.

(4) Pairs of particles in each cell are randomly selected and removed
from the cell until all possible pairs are exhausted.  The selected
pair of particles then collides in the center mass frame according
to either a Lorentz invariant elastic collision rule or a non-
relativistic elastic scattering rule.  The outcome of this collision
is found by generating a random deflection angle, ranging from 0
to 360 degrees in the center mass frame, and then the results are
transformed back to the lattice frame.  When the average particle
velocity is kept below 0.3 lattice sites per time step the two
models yield very similar results.

(5) After a collision, and with the definition of probabilities (P)
P0=(1-va)(1-vb), Pa= va(1-vb ), Pb=vb(1-va ) and Pab=vavb,
where a  and b represent the two principal directions which
correspond to the x and/or y axes for a square lattice, particles
propagate according to the following rules:

(a) the particle does not move if P<P0;
(b) the particle moves along a if P0<P<P0+Pa;
(c) the particle moves along b if P0+Pa<P<P0+Pa+Pb;
(d) the particle moves along a and b if P0+Pa+Pb<P.

Note that the sum of all the probabilities is one and particles
move as "random walkers".  The position of a particle is
x=Naa+Nbb+Nab(a+b) where Na= N * P a, Nb=N*Pb,
Nab=N*Pab and N is the total number of iterations.  After a
large time elapses, the average motion of the particle is a
straight line since, on average, Na = NPa, etc., and < x > =
vt.  It should be noted that this propagation rule requires that
a particle's velocity cannot be greater than 1.  (In the
relativistic case 1 is taken as the speed of light.  In the non-
relativistic case it is observed that if the average particle
speed is taken to be 0.2 or less then the probability of a
particle having a speed greater than 1 is so small that such
events can be ignored).

(6) Iterate in time and repeat the collision and propagation cycles.
(7) Output the results and the macroscopic values are obtained by

averaging.
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In order to mimic a pressure gradient a constant momentum is added
to each particle at each iteration.  This is equivalent to adding a body
force to the gas.  Here if temperature is kept constant then it enables
us to model the flow of a liquid.  Of course in order to describe liquid
behaviour without such artificial constraints a potential energy must
be introduced into the particle interactions and the phase transition
must be obtained.   For example the Leonard Jones potential supplies
the combined effect of a longer-range interaction and a potential well
that yields the phase transition.

Yang et al. (1999a) showed that Poiseuille flow with particle
reversing applied at the boundaries resulted in the thermal energy
(i.e., temperature) increasing with time; this occurred because of the
energy added by the pump.  However, for the thermodynamic
boundary conditions constructed by Yang et al. (1999a), the fluid
thermal energy (i.e., temperature) initially evolved to a thermal
equilibrium temperature.  These boundary conditions consisted of
taking any particles that reached the outer line of lattice cells and
placing them back in the neighbouring cell with a random orientation
and a velocity randomly chosen from a Boltzmann distribution.  This
chosen Boltzmann distribution specifies the temperature of the
boundary.

In these processes the pumping action puts energy into the system;
viscous dissipation then converts that energy into heat raising the
temperature of the fluid.  The increase in temperature causes an
increase of the fluid viscosity.  Therefore, the mean flow velocity
decreases with time if the boundary is insulated.  When the boundary
is a heat bath, the extra heat caused by the pumping action is
removed by the heat bath. Hence, the temperature does not change,
so the fluid viscosity and the mean fluid flow velocity are constant.

v Porous Media

Yang et al. (1999b) simulated Darcy flow and the simulation results
were compared with theoretical predictions. The effects of
permeability and flow velocity on the flow types were investigated,
i.e., from Darcy flow (flat velocity profile) to plane Poiseuille flow
(parabolic velocity profile).  The simulations were performed by
changing the permeability (solid probability) or pressure drop.
Balasubramanian et al. (1987) also presented a study of Darcy's law
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using lattice-gas hydrodynamics. They obtained an effective Darcy's
law by allowing a damping term (a function of velocity) in the
Navier-Stokes equation.

Laboratory results of Sternberg et al. (1996) provided evidence
indicating that the conventional convection diffusion equation fails to
adequately predict dispersion in porous media.  The limitations of the
convection diffusion equation result from the interpretation of
concentration (cf. Chapter VII).  In the convection diffusion equation
the concentration appears as the mass fraction of the phases mixed at
the molecular scale.  In a displacement process in a porous medium
the concentration, as described at the megascale, also incorporates the
relative motions of the phases at the pore scale.  Thus when the
convection diffusion equation is used to describe flow in porous
media, dispersion is incorporated into a "dispersion tensor".  When
compared with experimental results this theory then predicts a time-
dependent base state; thus the dispersion tensor becomes a variable.
From a physical point of view this simply means that the equation is
not a valid physical representation of the process (cf. Chapter VII).

Theoretically, two approaches (equations) have been used to replace
the convection diffusion equation when describing dispersion.  One
approach involves the use of nonlocal equations (Edelen, 1976,
Cushman, 1998) that allow information from a region of space to be
included in order to determine the effect at any particular point in the
system.  This approach incorporates memory of the past history of
the flow.  The other approach utilizes the equations derived by Udey
and Spanos (1993) under the condition of negligible diffusion in
which an additional degree of freedom (i.e., an additional equation
and variable; a dynamic megascopic pressure difference between the
phases) is obtained.  This pressure difference results from the fact
that an average pressure difference must exist between the displacing
and displaced phases during flow; thus a difference between the
averaged pressures is also obtained.

In order to describe dispersion in porous media one must address at
least three different scales: the molecular scale (microscale, at which
diffusion is occurring), the pore scale (macroscale, at which the
continuum equations are firmly established and the scale at which
dispersion is occurring) and the Darcy scale or scale of hundreds of
pores (megascale, at which Darcy's equation holds for single phase
flow).  In addition it is possible to introduce additional structure at
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the megascale or to consider intermediate scales (a mesoscale) at
which continuum equations cannot be considered valid.  In the
present discussion such large-scale structure or intermediate scales
will be excluded in order to focus on megascopic simulations of
dispersion in porous media. Pore scale modeling requires massive
computation, but does allow us to see the details of the pore structure
and its effect on dispersion. In contrast, large-scale modeling
overcomes some of the computational difficulties but does not
provide the details of the pore structure. Nevertheless, the two scales
should provide consistent results. That is, large-scale simulation
should integrate pore structure effects on dispersion and reflect the
"message" imbedded at the pore scale.

Gao and Sharma (1994) carried out a large-scale simulation on
dispersion with a no-slip boundary condition for the solid.  The
displacing and displaced fluids were assumed to be totally mixed at
the "particle level" and thus macroscopic phase separation was not
described.  In the present study, a thermodynamic lattice gas model is
used and macroscopic phase separation is incorporated into the
model.

Dispersion in porous media may be simulated at the pore scale using
a capillary tube model and the effect of the pore structure on
dispersion is demonstrated.  The rules in the large-scale model
incorporate pore scale information, including phase separation, pore
structure effects and the pressure difference between the displacing
and displaced fluids.

In the megascale model the effect of viscosity on dispersion is
incorporated by indexing fluid particles as to whether they are in the
mixing zone or not, and the particle collision probability can be
adjusted accordingly.  Since a tracer used in the dispersion
simulations has the same viscosity as the displaced fluid, the effect of
viscosity on dispersion does not arise for tracers.  A theoretical study
(Chapters VI and VII) indicates that there is a pressure difference
between the displacing and the displaced fluids within a single
megascopic volume element (which is represented by a lattice site).

Pore scale models have been constructed by considering a number of
two dimensional structures of various shapes (Olson and Rothman,
1997).  The simplest model of a porous medium is supplied by
parallel capillaries (Yang et al., 1998).  The effect that this well-
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controlled pore structure has on miscible flow in a porous media may
then be compared with a megascale model that incorporates the pore
scale information through the collision rules.  The observations of
this model clearly differ from the predictions of the convection
diffusion model.

For a thermodynamic automaton model constructed to simulate a
porous medium at the megascale, viscosity effects can be introduced
through the collision rules. Namely, an increase in the number of
fluid-fluid particle collisions results in an increase in momentum
transfer. Pore structure effects can be introduced by adjusting the
particle velocity directions after collisions. To incorporate the pore
scale information in the large (mega) scale modeling, the rules are as
follows:

(1) B (blue) and R (red) are used to represent displacing and
displaced particles respectively.  Further, B0 and B1 are used to
represent the displacing fluid particle in the segregated and
mixing zones respectively, and the same for R0 and R1.

(2) since B0 and R0 are in a segregated region, B0  is not allowed to
collide with R0. Thus, B0  can only collide with B0, B1, and R1.
Moreover, B0  becomes B1 when B0 collides with R1.  The same
rules are applied to R0 accordingly.

(3) when B0    collides with R1, in the center of mass frame, and the
rotation angle is greater than 90 degrees but less than 270
degrees, a random number is generated. When the random
number is less than a flipping probability, the directions of the
two particles are reversed. Changing the flipping probability
incorporates pore structure effects.  Here the basic physical
statements used to construct the collision rules (e.g.,
conservation of momentum) are not altered by this choice but it
is argued that dispersion may be influenced and dispersion is
effected by the pore structure.

(4) for fluid-solid collisions, the distribution of displacing (B) and
displaced (R) fluids (i.e., the displaced fluid surrounds the solid
matrix and thus collides with the solid) is reflected by setting the
priority of the fluid-solid collision as R0 > R1 > B1 > B0.  This is
implemented at the time at which the particles are selected for
collisions.

(5) to maintain the same permeability, in each cell, the total number
of fluid particles colliding with the solid should be the total
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number of fluid particles N (R0  + R1 + B1 + B0), multiplied by
the solid collision probability P in that cell.

(6) to implement the pressure difference between the displacing and
displaced fluids, instead of adding the same amount of
momentum to both of the displacing and displaced particles,
different amounts of momentum may be partitioned to the
different types of particles according to the following equations:

m2v2-m1v1=β’(n2-n2’) (4.33)

n2 m2v2+n1 m1v1=( n2 + n1)mv (4.34)

Here m is the mass, v is the velocity, n is the particle number at the
present time in a cell and n’ is the particle number at the previous
time. The parameter β’ described in Chapter VI can be determined by
comparison with experimental results.  The subscripts 1 and 2 refer to
fluid 1 and 2 (or B and R), respectively. Equation (4.33) comes from
the dynamic pressure difference between the displacing and displaced
fluids. That pressure difference is associated with the concentration
(particle number) changing with time. Equation (4.34) indicates that
the total momentum added in a cell is the same as if only one phase
existed in the cell.

In the heterogeneous model, the tracer moves faster in the larger
tubes and slower in the smaller tubes. This causes more dispersion in
the heterogeneous model than in the homogeneous model because of
the different local fluid flow velocities in the heterogeneous model.

vi Summary

The thermodynamic automata presented in this chapter describe a
method for analyzing physical processes without many of the
restrictions and limitations of mathematical descriptions.  For
example the automata describes nonlinear phenomena and complex
boundary conditions with relative ease.  Automata models are
relatively new in relation to mathematics and are still quite crude in
comparison.  They do however appear to supply a very powerful tool
for computational work.  Their role in resolving physical problems
also appears to hold a great deal of potential.
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Chapter V

Seismic Wave Propagation

i Objectives of this Chapter

In this chapter a Helmoltz decomposition of the equations of motion
(2.83), (2.84) and (2.89) is used to obtain a description of dilational
(P) and rotational (S) waves.  It has been shown  (de la Cruz and
Spanos, 1985,1989a, Hickey et al., 1995, Hickey, 1994) that for very
long wavelengths the first compressional and shear waves contain
motions that are almost in phase.  As a result very little attenuation is
predicted.  The second compressional and shear waves contain
motions in which the solid and fluid move almost out of phase with
one another resulting in a very high attenuation due to viscous
dissipation.  At very high frequencies this type of coupling breaks
down and very different physical processes are observed (Hickey,
1994).

The boundary conditions for a porous medium are reviewed and
applied to the reflection transmission problem for porous media.  The
Rayleigh waves, which propagate along the boundary of a porous
medium with a free surface, are described.

Wave propagation in an inhomogeneous porous medium is
considered and it is shown that one obtains coupling between the P
and S waves due to the presence of the inhomogeneities.

ii Construction of the Wave Equations

Upon substituting equation (2.89) into the equations of motion (2.83)
and (2.84), having specified the values of δf  and δs one obtains
equations of motion valid only for acoustic waves propagating
through porous media:

 ηo ρf
o 

∂
∂t

 vi
f = Kf ∂i δs ∇ ⋅ us - δf ⋅ uf  + ηoKf ∂i ∇ ⋅ uf  
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 + ζ ∂i ηo ∂j vj
f  + δs ∇ ⋅ vs - δf ∇ ⋅ vf  

+ (1-ηo ) µf 
µm

(1-ηo ) µs
 - 1  ∇2 ∂

∂t
ui

(s) + 1
3

 ∂i ∇ ⋅ 
∂us

∂t
 

+ ηoµf∂k ∂kvi
f +  ∂ivk

f  - 2
3

δik∂jvj
 f  

(5.1)

 - 
ηo

2µf

K
 (vi

(f)-vi
(s)) + ρ12

∂

∂t
 (vi

(f)-vi
(s)) - ρb 

∂vi
(m)

∂t

 (1-ηo) ρso 
∂2

∂t2
 ui

s  = ∂i Ks (1-ηo)∇ ⋅ us -  δs ∇ ⋅ us + δf ∇ ⋅ uf  

 + µM ∇2ui
s  + 1 3∂i (∇ • us)  (5.2) 

 + 
ηo

2µf

K
 (vi

(f)-vi
(s)) - ρ12

∂

∂t
 (vi

(f)-vi
(s)) + ρb 

∂vi
(m)

∂t

Here us is the megascopically averaged solid displacement.  Here
wave motions where the time dependence is given by e- iωt are
considered; thus the megascopically averaged "fluid displacement
vector" is defined by

 
uf = 1

- iω
 vf (5.3)

Here µm is the megascopic shear modulus of the solid component (cf.

Hickey et al., 1995).  The parameters δs and δf are process dependent
and thus may have different values for wave propagation than for
static compressions (cf. de la Cruz et al., 1993).  In the present

analysis the term ρb 
∂vi

(m)

∂t  
will be ignored.

Assuming time harmonic fields

us = Us e-iωt , uf = Uf e-iωt (5.4)
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and adopting the notation

δµ = (1-ηo ) µf 
µm

(1-ηo ) µs
 - 1

(5.5)

one obtains

ηo ρf
oω2 + iω 

ηo
2µf

K
 - ρ12 ω2  U

f

 
-  iω 

ηo
2µf

K
 - ρ12 ω2  U

s

+ ηo   Kf (1- δf
ηo

) - i ωξ(1- δf
ηo

) - 4
3

 i ω µf  ∇ ∇⋅  U
f

 

(5.6)

+ ( Kf  - i ωξ)δs - 43
 i ω δµ  ∇ ∇⋅  U

s

- i ω δµ∇ × ∇ × U
s
 + i ωηoµf∇ × ∇ × U

f
 = 0

-   iω 
ηo

2µf

K
 - ρ12 ω2  U

f

 
+ (1-ηo) ρs

oω2 + iω 
ηo

2µf

K
 - ρ12 ω2  U

s

+ Ksδf ∇ ∇ ⋅ U
f
 + (1-ηo) Ks (1- δs

(1-ηo)
) + 4

3
 µM  ∇ ∇ ⋅ U

s
(5.7)

- µM ∇ × ∇ × U
s
 = 0

These equations may be written as

P11 ∇ ∇⋅  U
s

 +   P12 ∇ ∇⋅  U
f

 -  S11∇ × ∇ × U
s

+ ω2 D11 U
s
 + D12 U

f
 = 0 (5.8)

P21 ∇ ∇⋅  U
s

 +   P22 ∇ ∇⋅  U
f

 -  S21∇ × ∇ × U
s
 -  S22∇ × ∇ × U

f

+ ω2 D21 U
s
 + D22 U

f
 = 0 (5.9)
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where

P11 =  (1-ηo) Ks (1- δs
(1-ηo)

) + 4
3

  µM     P12 =  Ksδf (5.10)

P21 =  ( Kf  - i ωξ)δs - 43
 i ω δµ (5.11)

 P22 = ηo   Kf (1- δf
ηo

) - i ωξ(1- δf
ηo

) - 4
3

 i ω µf  (5.12)

S11 =  µM     S21 = i ω δµ     S22 = i ωηoµf (5.13)

D11 =  (1-ηo) ρs
o + i 

ηo
2µf

ω K
 - ρ12     D12 = ρ12  -   i 

ηo
2µf

ω K
 (5.14)

D21 = ρ12 - 
i ηo

2µf

ω K      D22 = ηo ρf
o + i 

ηo
2µf

ω K
 - ρ12 (5.15)

The scalar and vector potentials

U
s
 = ∇ φs + ∇ × ψs (5.16)

U
f
 = ∇ φf + ∇ × ψf (5.17)

are now introduced where ∇ ⋅  ψs = ∇ ⋅  ψf = 0.

Upon substituting the potentials (5.16) and (5.17) into equations (5.8)
and (5.9) one obtains

∇ P11 ∇
2
 φs + P12 ∇

2
 φf + ω2 D11 φs + D12 φf  

(5.18)

∇ × S11 ∇
2
 ψs +  ω2 D11 ψs + D12 ψf  = 0
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∇ P21 ∇
2
 φs + P22 ∇

2
 φf + ω2 D21 φs + D22 φf  

(5.19)

∇ × S21 ∇
2
 ψs + S22 ∇

2
 ψf +  ω2 D21 ψs + D22 ψf  = 0

For compressional motions one obtains the system of equations

P11 P12
P21 P22

 
∇

2
 φs

∇
2
 φf

 + ω2 D11 D12
D21 D22

 
φs

φf

 = 0
0

 (5.20)

which may be rewritten as

 
∇

2
 φs

∇
2
 φf

 + ω
2

∆P
 P22 -P12

-P21 P11
  D11 D12

D21 D22
 

φs

φf

 = 0
0

 (5.21)

where ∆P = P11 P22  - P12 P21.

Upon writing out the two equations given in (5.21) and eliminating φf
one obtains

∇
2
 + ω

2

α1
2

 ∇
2
 + ω

2

α2
2

 φs = 0
(5.22)

where

α1
2 , α2

2 =  1
2∆D 

 Tr(P†D) ± Tr2(P†D) - 4 ∆P ∆D (5.23)

and ∆D = D11 D22 - D12 D21 

Tr(P†D) = D11P22 + D22P11 - D21P12 - D12P21

An identical result can be obtained by eliminating φs; thus one seeks

φs = νs1
α  φ1 + νs2

α  φ2 (5.24)
and



104 Seismic Wave Propagation

φf = νf1
α  φ1 + νf2

α  φ2 (5.25)
such that

∇
2
 + ω

2

α1
2

  φ1 = 0
(5.26)

and

 ∇
2
 + ω

2

α2
2

 φ2 = 0
(5.27)

Here a suitable choice of νsi
α  and νfi

α  (i=1,2)  is given by

νs1
α  = a (D12P22  - D22P12) α1

2
(5.28)

νs2
α  = a (D12P22  - D22P12) α2

2
(5.29)

νf1
α  = d [∆P - (D11P22  - D21P12) α1

2] (5.30)

νf2
α  = d [∆P - (D11P22  - D21P12) α2

2] (5.31)

where a/d is an arbitrary constant which may be incorporated into the
potentials (i.e., without loss of generality one may let a=d=1).

For rotational motions one obtains

S11 0
S21 S22

 
∇

2
 ψs

∇
2
 ψf

 + ω2 D11 D12
D21 D22

 
ψs

ψf

 = 0
0

 (5.32)

which may be rewritten as

∇
2
 ψs

∇
2
 ψf

  + ω
2

∆S
 S22 0

-S21 S11
  D11 D12

D21 D22
 

ψs

ψf

= 0
0

(5.33)

where ∆S =  S11S22 .  Eliminating ψf one obtains
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∇
2
 + ω

2

β1
2

 ∇
2
 + ω

2

β2
2

 ψs = 0 (5.34)

where

β1
2
 , β2

2
 =  1

2∆D 
 Tr(S†D) ± Tr2(S†D) - 4 ∆S ∆D (5.35)

An identical result can be obtained by eliminating ψs; thus one seeks

ψs = νs1
β  ψ1 + νs2

β  ψ2 (5.36)

ψf = νf1
β  ψ1 + νf2

β  ψ2 (5.37)

such that

∇
2
 + ω

2

β1
2

  ψ1 = 0 (5.38)

and

∇
2
 + ω

2

β2
2

  ψ2 = 0 (5.39)

Here a suitable choice of νsi
β

 and νfi
β

  (i=1,2)  is given by

νs1
β  = a D12S22  β1

2
(5.40)

νs2
β   = a D12S22  β2

2
(5.41)

νf1
β  =  d [∆S - D11S22  β1

2
] (5.42)

νf2
β  = d [ ∆S - D11S22  β2

2
] (5.43)

where a/d is an arbitrary constant which may be incorporated into the
potentials (i.e., without loss of generality one may let a=d=1).



106 Seismic Wave Propagation

When thermomechanical coupling is included equation (5.21) is of
the form

∇2 φs

∇2 φ f

∇2 Ts

∇2 Tf

 +ω 2

A11 A12

A21 A22

A13 A14

A23 A24

A31 A32

A41 A42

A33 A34

A43 A44

  

φs

φ f

Ts-To

Tf-To

 = 

0

0

0

0

(5.44)

and four dilatational wave equations are obtained in place of (5.26)
and (5.27).  The shear waves are not affected by thermomechanical
coupling.

iii Reflection Transmission Problems

The boundary conditions for a porous medium are obtained from
basic physical statements such as conservation of mass, Newton's
third law and conservation of energy.  From the continuity equation

∂ρ

∂t
 + ∇⋅ (ρ v  ) = 0

(5.45)

 one obtains the natural definition of a medium velocity given by

v (a) = 
ηo

(a)ρf
(a)v f

(a)  + (1-ηo
(a))ρs

(a)vs
(a)

ηo
(a)ρf

(a)  + (1-ηo
(a))ρs

(a) (5.46)

which in turn yields the boundary condition

v(a ) ⋅  n = v( b) ⋅  n (5.47)

The boundary conditions on the various stress tensors are (de la Cruz
and Spanos, 1989b)

ηa ττττ i k
(a ) f nk = ττττ i k

( b) f nk ηa ηb β + ττττ i k
( b) s nk ηa (1 - ηb β) (5.48)
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(1 - ηa) ττττ i k
(a ) s nk = ττττ i k

( b) f nk ηb (1 - ηa β) 

+ ττττ i k
( b) s nk (1 - ηa - ηb + ηa ηb β)

(5.49)

ηb ττττ  i k
( b) f nk = ττττ i k

(a ) f nk ηa ηb β + ττττ i k
(a ) s nk ηb (1 - ηa β) (5.50)

(1 - ηb) ττττ i k
( b) s nk = ττττ i k

(a ) f nk ηa (1 - ηb β)

 + ττττ i k
(a ) s nk (1 - ηa - ηb + ηa ηb β)

(5.51)

of which three are independent.  Here β is an alignment parameter for
a boundary joining the two porous media (de la Cruz and Spanos,
1989b; de la Cruz et al., 1992).  In the extreme case, where the two
are identical and thus combine to form one megascopically
homogeneous medium, β=1/η and equations (5.45) - (5.48) simply
reduce to identities.

For the final boundary condition it is assumed that the tangential
components of the velocities are continuous,

vt
(a ) = vt

( b)
(5.52)

The boundary conditions for the cases where one side of the
boundary is a fluid or elastic solid can be readily obtained as special
cases (de la Cruz and Spanos, 1989b).

The equation of motion of the medium is (ignoring gravitational body
forces)

∂

∂t
(ρ vi) =∂kττττ i k

  (5.53)

where
ττττ  i k  = ηηηη ττττ i k

 f  + (1 - ηηηη) ττττ i k
 s  (5.54)

is the stress tensor of the medium. Thus the (mean) energy flux
vector is taken to be

Ji (x ) = - <ττττ i k
 (x ,  t) vk(x ,  t)> (5.55)
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On account of the boundary conditions, the normal component of the
energy flux vector is continuous at the boundary, i.e.,

J
( a )

 ⋅  n  = J
( b )

 ⋅  n  (5.56)

For harmonic plane waves ~ exp i ( k ⋅ x - ω t ), w > 0, it is
straightforward to show that

J ( x ) = e -2 k I⋅ x  J (0) (5.57)

where kI is the imaginary part of k ,

k ≡ kR + i kI (5.58)

An identical x-dependence to that specified in equation (5.57) is
obtained for any quantity quadratic in the displacements or velocities,
e.g., the mean kinetic energy

 E(x) =  1
2

 ρρρρ v 2  (5.59)

Along the direction of the energy flux vector J which in general
differs from those of kR and kI, one obtains, writing x = J r,

E( J r) = e -2kI ⋅J r  E(0) (5.60)

After a distance of one "wavelength along J ",

kR⋅ x = kR J r = 2π (5.61)

E is attenuated by a factor e -2π/Q where

Q-1 = 2 (kI⋅  J ) / (kR⋅  J ) (5.62)

(Buchen, 1971). Thus
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E (J r) = e - kR⋅J r
Q   E(0) (5.63)

It should be noted that the equations of motion determine for each

mode the value of k⋅k as a function w, but not the angle between kR

and kI , which are in general not parallel.  Hence it must be expected
that except for normal incidence, where symmetry considerations
may be adequate, the Q of each transmitted or reflected wave can
only be determined as part of the complete solution of a reflection /
transmission problem.

iv Effect of Thermomechanical Coupling

In a fluid filled porous matrix the importance of thermomechanical
coupling can be pronounced. Here heat transfer between the phases
occurs throughout the porous medium.  In a numerical study of this
process Hickey (1995) has shown that for seismic wave propagation
through Athabasca oil sands, through the asthenosphere and through
the core mantle boundary, thermomechanical coupling substantially
alters the attenuation of the first p wave in each case.  In that work it
was also shown that in cases of light oil reservoirs and water sands
the effects of thermomechanical coupling are of negligible
importance to any of the waves.

In those cases where thermomechanical coupling is an important
physical mechanism affecting deformations on one or both sides of a
boundary, it is reasonable to expect that it may also affect the mode
conversions which occur at the boundary.
First, the condition that the temperature of the medium (i.e., the
porosity weighted temperature) should be continuous across the
boundary is imposed

ηa Tf
(a) + (1 - ηa ) Ts

(a) = ηb Tf
(b) + ( 1 - ηb) Ts

(b)
(5.64)

The normal heat flux should also be continuous,

Ka = Kb (5.65)
where
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Ka = ηa κf
(a) 

∂Tf
(a)

∂n
 + (1 - ηa ) κs

(a) 
∂Ts

(a)

∂n
  (5.66)

Kb = ηb κf
(b) 

∂Tf
(b)

∂n
 + (1 - ηb ) κs

(b) 
∂Ts

(b)

∂n
  (5.67)

(5.64) and (5.65) constitute two of the four additional boundary
conditions which are required. The final two boundary conditions are
obtained from the following argument.

Consider the heat conducted from (b) into a through the fluid in (a),
namely

 κf
(b) 

∂Tf
(b)

∂n
 ηa ηb  β +  κs

(b) 
∂Ts

(b)

∂n
 (1 - ηb β )

where β is the alignment parameter. This flux should be equal (except
for sign) to that conducted into b from the fluid in (a).  Thus

ηa κf
(a) 

∂Tf
(a)

∂n
  =  κf

(b) 
∂Tf

(b)

∂n
 ηaηb β +  κs

(b) 
∂Ts

(b)

∂n
 ηa ( 1 - ηb β ) (5.68)

Similarly by focusing attention on the solid component of a, one
obtains

(1-ηa ) κs
(a)  

∂Ts
(a)

∂n
  =  κf

(b)  
∂Tf

(b)

∂n
 ηb (1-ηa β) 

+  κs
(b)  

∂Ts
(b)

∂n
  (1-ηa -ηb +ηa ηb β) (5.69)

Interchanging (a) and (b), one also has

ηb κf
(b)  

∂Tf
(b)

∂n
  =  κf

(a)  
∂Tf

(a)

∂n
 ηaηb β

+  κs
(a)  

∂Ts
(a)

∂n
 ηb ( 1 - ηa β )

(5.70)
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(1-ηb ) κs
(b)  

∂Ts
(b)

∂n
  =  κf

(a)  
∂Tf

(a)

∂n
 ηa (1-ηb β ) 

+  κs
(a)  

∂Ts
(a)

∂n
  (1-ηa -ηb +ηaηb β)

(5.71)

Of the boundary conditions (5.68)-(5.71) only 3 are independent, and
together they render (5.71) redundant. One may therefore choose
(5.64), (5.68), (5.69), and (5.70) as the additional boundary
conditions.  In cases where thermomechanical coupling is not an
important process in both media (and even in many cases where it is)
it has not been observed to be of numerical significance in the mode
conversions (Hickey, 1994).

v Breakdown of the Assumption of Interacting Phases

When one or both phases become incompressible, the assumption of
two compressible interacting phases is violated.  In these cases the
pressure equation for the phase that is becoming incompressible
approaches an indeterminate form and the process dependent
equation (2.92) ceases to be an independent equation, becoming
redundant with the continuity equations.  Furthermore, how the
equations of motion observe a boundary becomes dependent on the
physical limit taken.  For example, if the solid becomes ridged as
well as incompressible then it simply imposes an external constraint
on the fluid (they cease to be interacting phases).  On the other hand
if the solid can still deform in this limit then porosity remains a
dynamical quantity and continues to play a role in defining a
megascopic boundary.  When considering such limiting cases one
may write out the complete reflection transmission problem prior to
taking the appropriate limit.  This assures that the same assumptions
are imposed on the equations of motion and the boundary conditions
when taking the limit.  Attempts to take the limit of the boundary
conditions in isolation must address the validity of the assumption
that the phases are each affecting the other's motion.

An example of this limit would be a silicon sand containing air at a
boundary with air.  Here one is too close to the incompressible limit
of the solid, when compared to the compressibility of the fluid to use
the assumption of interacting phases under reasonable constraints on
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wavelength and distance from the surface.  To illustrate this, consider
a P wave traveling in the air striking the boundary of the porous
medium.  The air that was at the boundary of the porous matrix prior
to the arrival of the compressional wave moves and defines a new
surface after the deformation caused by the wave striking the
boundary.  The solid moves a negligible amount in comparison after
deformation.  In order for the two phases to appear as coupled
interacting materials as assumed in the first part of this chapter one
must view the boundary from a sufficient distance.  The wavelength
must be sufficiently long such that this bifurcation is not observable
(i.e., one observes only the averaged effect of the two surfaces).  The
concept of coupling of compressional motions is observed through
the interaction of the pressure equations (2.90), (2.91) and the
dilation equation (2.92) describing the thermodynamic process under
consideration.  In the present case where the solid can be considered
rigid and incompressible one loses two variables.  The pores are
observed to be voids by the solid equation.  The solid imposes an
external constraint on the fluid.

vi Surface Waves

Surface waves are described by the coupling of the P and S waves
with the boundary conditions.  As an example the case of a Rayleigh
wave is considered (the waves which propagate along a free surface
of a fluid filled porous medium).

Consider displacements of the form

ux
(1) = A1 e-bz ei k(x-ct)       uy

(1) = 0       uz
(1) = B1 e-bz ei k(x-ct)

(5.72)

ux
(2) = A2 e-bz ei k(x-ct)       uy

(2) = 0       uz
(2) = B2 e-bz ei k(x-ct)

(5.73)

where u1 = U 1 e-iωt,  u2 = U 2 e-iωt

U
1
 = ∇ φ1 + ∇ × ψ1 (5.74)

U
2
 = ∇ φ2 + ∇ × ψ2 (5.75)
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∇ ⋅  ψ1 = ∇ ⋅  ψ2 = 0 (5.76)

Thus

φ
(1)

 = 1
ik

 A1 e-bz ei kx
(5.77)

ψy
(1) = - 1

b
 B1 e-bz ei kx

(5.78)

φ
(2)

 = 1
ik

 A2 e-bz ei kx
(5.79)

ψy
(2) = - 1

b
 B2 e-bz ei kx

(5.80)

Upon substituting (5.77), (5.78), (5.79) and (5.80) into equations of
motion (5.26), (5.27), (5.38) and (5.39) one obtains

bαi = k 1 - c2

αi
2

1/2
     (i=1,2) (5.81)

and

bβi = k 1 - c
2

βi
2

1/2
     (i=1,2) (5.82)

where c = ω
k

.  Thus

us = ∇ νs1
α  φ1 + νs2

α  φ2 ei kx-ct +∇× νs1
β  ψ1 + νs2

β  ψ2 ei kx-ct (5.83)

uf = ∇ νf1
α  φ1 + νf2

α  φ2 ei kx-ct +∇× νf1
β  ψ1 + νf2

β  ψ2 ei kx-ct (5.84)

where

φ
(1)

 = 1
ik

 A1 e-bα1z ei kx
 (5.85)
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ψy
(1) = - 1

bβ1
 A3 e-bβ1z ei kx

(5.86)

φ
(2)

 = 1
ik

 A2 e-bα2z ei kx
(5.87)

ψy
(2) = - 1

bβ2
 A4 e-bβ2z ei kx

(5.88)

The boundary conditions (5.48), (5.49), (5.50) for a free boundary
yield

τiz
(f)|z=0 = 0 (5.89)

τiz
(s)|z=0 = 0 (5.90)

which may be rewritten as (evaluated at z=0):

(1-ηo)Ks 1 - δs
(1-ηo)

 - 2
3

 µm  ∇⋅us + δfKs∇⋅uf + 2µm
∂uzs

∂z
 = 0 (5.91)

∂uxs

∂z
 + 

∂uzs

∂x
 = 0 (5.92)

  Kf +i ωξf   δs - 23
 iω δµ  ∇⋅us 

+ ηo   Kf + i ωξf  1 - δf
ηo

 - 2
3

 i ω µf   ∇⋅uf
(5.93)

+ 2 iωδµ 
∂uzs

∂z
 + 2 i ωηoµf 

∂uzf

∂z
 = 0

δµ 
∂uxs

∂z
 + 

∂uzs

∂x
 + ηo µf 

∂uxf

∂z
 + 

∂uzf

∂x
 = 0 (5.94)

Substituting equations (5.83) and (5.84) in to equations (5.91), (5.92),
(5.93) and (5.94) one obtains
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aij  Aj = 0     (i = 1 to 4 ) (5.95)

where

a11 = (1-ηo)Ks 1 - δs
(1-ηo)

 - 2
3

 µm  νs1
α  + δfKs νf1

α  ( bα1
2 -k 2)

+ 2µmνs1
α  bα1

2 (5.96)

a12 = (1-ηo)Ks 1 - δs
(1-ηo)

 - 2
3

 µm  νs2
α  + δfKs νf2

α  ( bα2
2 -k 2)

+ 2µmνs2
α  bα2

2
(5.97)

a13   =  2µmνs1
β k2 (5.98)

a14  =  2µmνs2
β k2 (5.99)

a21  = - 2 νs1
α  bα1

2 (5.100)

a22  = - 2 νs2
α  bα2

2 (5.101)

a23  =   νs1
β bβ1

2  + k2

bβ1
(5.102)

a24  =   νs2
β bβ2

2  + k2

bβ2
(5.103)

a31  ={ Kf +i ωξf  δs - 23
 iω δµ  νs1

α  

+ ηo   Kf + i ωξf  1 - δf
ηo

 - 2
3

 i ω µf  νf1
α } ( bα1

2 -k 2)
(5.104)

+ 2iωδµνs1
α  bα1

2 + 2 i ωηoµfνs1
α  bα1

2
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a32 ={   Kf +i ωξf  δs - 23
 iω δµ  νs2

α

+ ηo   Kf + i ωξf  1 - δf
ηo

 - 2
3

 i ω µf   νf2
α } ( bα2

2 -k 2)
(5.105)

+ 2iωδµνs2
α  bα2

2 + 2 i ωηoµfνf2
α  bα2

2

a33   = 2 i ωδµνs1
α  k2+ 2 i ωηoµfνf1

α  k2 (5.106)

a34   = 2 i ωδµνs2
α  k2+ 2 i ωηoµfνf2

α  k2 (5.107)

a41  =  - 2 δµνs1
α + ηo µfνf1

α bα1
2 (5.108)

a42  =  - 2 δµνs2
α + ηo µfνf2

α bα2
2 (5.109)

a43  =  δµνs1
β + ηo µfνf1

β bβ1
2  + k2

bβ1
(5.110)

a44  =  δµνs2
β + ηo µfνf2

β bβ2
2  + k2

bβ2
(5.111)

The condition for non-trivial solutions to exist for the system of
equations (5.95) is given by the Rayleigh equation

det (aij) = 0 (5.112)

The solutions of this equation yield the phase velocities of the
Rayleigh waves at the boundary of the porous medium.

vii Wave Propagation in an Inhomogeneous Medium

The equations of motion for an inhomogeneous porous medium are
given by

ηo ρf
o 

∂

∂t
 vi

 f = ∂k τik
f  - Fi (5.113)
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φo ρs
o 

∂

∂t
 vi

s  = ∂k τik
s  + Fi (5.114)

where

   

τik
f  = -ηo pf δik + ξf  ∂j(ηo vj

 f) + 
∂η

∂t
 δik

 + µf ηo ( ∂k vi
 f + ∂i vk

 f - 2
3

 δik∂j v j
 f )

(5.115)
-  µf (1-ηo ) cijmn  (∂m vn s + ∂n vm s  - 2

3
 δmn∂j v j

 s )

 + µf  (vi
 f - vi

s) ∂kηo - (vk
 f - vk

s ) ∂iηo + 2
3

  δik (vj
 f - vj

s) ∂jηo

   τik
s  = Ks δik ∂j(φo uj

s
) + φ-φo (5.116)

+ µikmn  ∂n ums  + ∂m uns  - 2
3

 δmn∂j uj
s

Fi = - pf ∂i ηo + Qij (vj
 f-vj

 s) - Rij
12 ∂

∂t
 (vj

 f-vj
 s) (5.117)

pf = - Kf  ∇⋅ uf + 
η-ηo

ηo
 (5.118)

As in the case of a homogeneous medium it is assumed that one has
the time harmonic fields

u s = U s e-iωt ,   u f = U f e-iωt (5.119)

The equations of motion may be written in the form

Aij
1s Uj

s - Aij
1f Uj

f  =  Bijk
1s  Ujk

s  +  Bijk
1f  Ujk

f

+ Fijkm
1s  ∂m Ujk

s  + Fijkm
1f  ∂m Ujk

f (5.120)

Aij
2s Uj

s - Aij
2f Uj

f  =  Bijk
2s  Ujk

s  +  Bijk
2f  Ujk

f  

+ Fijkm
2s  ∂m Ujk

s  + Fijkm
2f  ∂m Ujk

f (5.121)
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Again substituting the scalar and vector potentials

U
s
 = ∇ φs + ∇ × ψs (5.122)

U
f
 = ∇ φf + ∇ × ψf (5.123)

where ∇ ⋅  ψs = ∇ ⋅  ψf = 0 (5.124)

into equations (5.120) and (5.121).

For compressional motions one obtains the system of equations

Aij
1s ∂j φs - Aij

1f ∂j φf = Bijk
1s  ∂j ∂k φs + Bijk

1f  ∂j ∂k φf
(5.125)

+ Fijkm
1s  ∂m ∂j ∂k φs + Fijkm

1f  ∂m ∂j ∂k φf

Aij
2s ∂j φs - Aij

2f ∂j φf = Bijk
2s  ∂j ∂k φs + Bijk

2f  ∂j ∂k φf
(5.126)

+ Fijkm
2s  ∂m ∂j ∂k φs + Fijkm

2f  ∂m ∂j ∂k φf

and for rotational motions

Aij
1s (∇ × ψψψψs)j - Aij

1f (∇ × ψψψψf)j = Bijk
1s  1

2
 ∂j (∇ × ψψψψs)k+ ∂k (∇ × ψψψψs)j

 +  Bijk
1f  ∂j 12

 ∂j (∇ × ψψψψf)k+ ∂k (∇ × ψψψψf)j
(5.127)

+ Fijkm
1s  ∂m 1

2
 ∂j (∇ × ψψψψs)k+ ∂k (∇ × ψψψψs)j

+ Fijkm
1f  ∂m 1

2
 ∂j (∇ × ψψψψf)k+ ∂k (∇ × ψψψψf)j
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Aij
2s (∇ × ψψψψs)j - Aij

2f (∇ × ψψψψf)j = Bijk
2s  1

2
 ∂j (∇ × ψψψψs)k+ ∂k (∇ × ψψψψs)j

+  Bijk
2f  ∂j 12

 ∂j (∇ × ψψψψf)k+ ∂k (∇ × ψψψψf)j
(5.128)

+ Fijkm
2s  ∂m 1

2
 ∂j (∇ × ψψψψs)k+ ∂k (∇ × ψψψψs)j

+ Fijkm
2f  ∂m 1

2
 ∂j (∇ × ψψψψf)k+ ∂k (∇ × ψψψψf)j

If a particular direction of propagation is chosen, one may write out a
separate wave equation for the first and second p-waves using the
same procedure as was presented for a homogeneous medium.  In the
case of an s-wave one must choose both a direction of propagation
and the orientation of the transverse displacements.  The form of the
wave equations obtained is

∇
2
 + ω A1⋅ ∇ + ω

2

α1
2

  φ1 = 0 (5.129)

∇
2
 + ω A2⋅ ∇ + ω

2

α2
2

  φ2 = 0 (5.130)

∇
2
 + ω B1⋅ ∇ + ω

2

β1
2

  ψ1 = 0 (5.131)

∇
2
 + ω B2⋅ ∇ + ω

2

β2
2

  ψ2 = 0 (5.132)

Note that the additional term in each of the above equations acts as a
propagating source (sink) through which the various modes are able
to exchange energy.  This occurs because of interaction of the waves
with the inhomogeneity and anistropy of the medium.  For a
isotropic, homogenous medium such interactions only occur at the
boundary of the medium.
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viii Summary

This chapter has demonstrated that seismic wave propagation in
porous media is now a well-understood problem.  This description
follows directly from the thermomechanical construction presented in
Chapter II.  The associated boundary conditions are simply physical
statements that describe conservation of mass, Newton’s third law,
continuity of heat flux and continuity of temperature.

This theory should provide a useful tool for seismologists.  In fact the
methods currently used for elastic materials are directly applicable to
the theory presented here since one is still just dealing with wave
equations.
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Chapter VI

Immiscible Flow

i Objectives of this Chapter

A system of megascopic equations for the quasi-static flow of
incompressible, immiscible fluid phases in porous media is presented
(de la Cruz and Spanos, 1983).  This system of equations is observed
to be incomplete for dynamic processes.  The complete system of
equations for compressible fluid flow is then constructed and the
incompressible limit of these equations is considered.  It is observed
that a complete system of dynamical equations is obtained which are
consistent with the previous equations in the quasi-static limit.

The primary complication that must be addressed in this chapter is
the complex interfacial phenomena occurring between fluid phases at
the pore scale and how this information enters the megascopic
description.  The effect of phase transitions on multiphase flow is
also described.  It has been observed that phase transitions can have
an important stabilizing effect on displacement processes (Krueger,
1982a; 1982b; de la Cruz et al., 1985).

The concept of capillary pressure in porous media as has been
reviewed by a number of authors (e.g., Dullien, 1992; Barenblatt et
al., 1990; Bear and Bachmatt, 1990; Lenormand and Zarcone, 1983,
de Gennes, 1983).  The megascopic pressure difference between
phases, however, depends on the megascopic variables and thus its
connection to the pore scale capillary pressure is sometimes difficult
to delineate (cf. Barenblatt et al., 1990; Bear and Bachmatt, 1990;
Bentsen, 1994).  In the present discussion the megascopic pressure
difference is described by considering the incompressible limit of the
equations of compressible fluid flow through porous media.  Here the
equations for compressible fluid flow through porous media have
been constructed from the well-understood equations and boundary
conditions at the pore scale.  Furthermore one may make use of the
thermodynamical understanding (de la Cruz et al., 1993) of the
parameters and variables described in Chapter III when considering
this limit.  This turns out to be an important consideration because the
pressure equations for each of the fluid phases take on an
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indeterminate form in this limit, and the equation which defines the
process under consideration is not independent of the continuity
equations in this limit.  It is observed that these three equations can
be combined, when taking the incompressible limit of the system of
equations describing the fluid motions, to yield a single process
dependent relation.  This new equation is a dynamical capillary
pressure equation, which completes the system of equations for
incompressible multiphase flow.

ii Quasi-Static Two-Phase Flow in Porous Media

The equation of motion for an incompressible fluid is given by

∂

∂ t
 (ρ vi) + ∂k Πi k = ρ gi (6.1)

where
Πi k = p δi k + ρ vi vk - σi k (6.2)

and
σik

  =  µf (vi,k + vk,i
  - 2

3
 δik v j,j) (6.3)

Now assume that one has two fluid phases, each obeying the above
equation of motion and the appropriate boundary conditions at the
fluid-fluid and fluid-solid boundaries.  These boundary conditions are
given by continuity of stress (Newton's third law) and continuity of
velocity (the normal component yielding conservation of mass and
the tangential component yielding the no slip condition).  It is
assumed that the pores are well connected and are of random size,
shapes and orientation.  It is also assumed that the pores are of
sufficient size such that the fluid continuum equations are well
established within them and the scale at which one wishes to describe
the motion is orders of magnitude larger than the largest pore.
Taking the volume average of equation (6.1) yields

1
V

∂

∂ t
 (ρ vi) dV

V

 + 1
V

∂k Πi kdV
V

 = 1
V

 ρ gidV
V

(6.4)
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which may be rewritten as (for phase 1 say)

∂

∂ t
 (η1ρ1 vi

(1)) + ∂k  η1 p1 δi k + η1 ρ1 vi
(1) vk

(1) - η1σi k
(1)

(6.5)

 + 1
V

  p1 δi k  - σi k
(1)  nk dA

A1

 = η1ρ1 gi

where

η1σi k
(1)  =  1

V
  σi k

(1) dV
V

(6.6)

= µ1 ∂iqk
(1) + ∂kqi

(1) + 1
V

 vk
(1)ni + vi

(1)nk  dA
A1

Here

qk
(1)  =  1

V
  vk

(1) dV
V

 = η1vk
(1) (6.7)

is commonly called the Darcy velocity or filter velocity.  Taking the
average of the condition of incompressibility

∂kvk
(1) = 0 (6.8)

yields

0  = ∂kqk
(1) + 1

V
  vk

(1)nk dA12

A12

 (6.9)

Now taking the volume average of the continuity equation yields
∂η1

∂t
  + ∂kqk

(1) = 0 (6.10)

and thus one obtains
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∂η1

∂t
 =  1

V
  vk

(1)nk dA12

A12

(6.11)

Now observe that in the static limit equation (6.5) becomes

∂i η1 p1  + 1
V

 p1 nidA
A1

 - η1ρ1gi = 0 (6.12)

In this case the Navier Stokes equation can be solved to give

 p1 =  po + ρ1gixi (6.13)

Where assuming fluid 1 forms a continuous body, po is continuous
throughout.   Taking the volume average of equation (6.13) yields

η1 p1 = η1  po + ρ1gixi (6.14)

Thus in the static limit equations (6.12) and (6.14) combine to yield

1
V

 p1 nidA
A1

 = - p1∂iη1 (6.15)

For slow flow cases the volume averaged flow equation (6.5)
becomes

∂i  η1 p1  + 1
V

  p1 δi k  - σi k
(1)  nk dA

A1

 = η1ρ1 gi (6.16)

where it is assumed that the inertial terms (including the term
quadratic in v (1)) can be ignored as well as the averaged viscous term

∂k  η1σi k
(1)   which is an integral over derivatives in the velocity (cf.

Chapter II).  Now rewrite the area integral over pressure as

1
V

 p1 ni dA
A1

 = 1
V

 p1 - p1  ni dA
A1

 + 1
V

 p1 ni dA
A1

(6.17)
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where

1
V

 p1 ni dA
A1

 = p1 1
V

  ni dA
A1

 = - p1∂iη1 (6.18)

follows directly from the spatial averaging theorem.

Upon substituting (6.17) into (6.16) one obtains

- 1
V

 p1 - p1  ni dA
A1

 + 1
V

 σi k
(1) nk dA

A1

 = η1 ∂i p1- ρ1 gi (6.19)

which expresses the balance of four forces, namely, the gradient of
the averaged pressure, the gravitational force, the shear force and the
imbalance between the average pressure and the pore scale pressure
in phase 1, summed over the interface between the fluids.  The two
area integrals in (6.19) may be decomposed into the forms

1
V

 p1 - p1  ni dA =
A1

 1
V

 p1 - p1  ni dA 
A1s (6.20)

+ 1
V

 p1 - p1  ni dA 
A12

and

1
V

  σi k
(1) nk dA

A1

 = 1
V

  σi k
(1) nk dA

A1s

 + 1
V

  σi k
(1) nk dA

A12

(6.21)

In the absence of flow these terms vanish; thus it is observed that
when these terms are written to first order in terms of megascopic
quantities they contain only terms of first order in velocity.  In the
original construction of the megascopic equations (de la Cruz and
Spanos, 1983) it was assumed that first terms in the above

expressions were proportional to vi
(1) and the second terms were

proportional to vi
(1)- vi

(2); it now appears that this assumption was
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excessively restrictive.  Relaxing these assumptions results in
megascopic equations that are identical in form; however, some of
the restrictions on the parameters which where obtained subject to
these assumptions (de la Cruz and Spanos, 1983.) may be relaxed.
Here

 1
V

  σi k
(1) nk dA

A1s

 = -a11vi
(1) + a12vi

(2) (6.22)

  1
V

  σi k
(1) nk dA

A12

 = -b11vi
(1) + b12vi

(2) (6.23)

1
V

 p1 - p1  ni dA 
A1s

 = c11vi
(1) - c12vi

(2) (6.24)

 1
V

 p1 - p1  ni dA 
A12

 = d11vi
(1) - d12vi

(2) (6.25)

Thus equation (6.19) may now be written as

Q11 q1 - Q12 q2  =  ∇p1 - ρ1 g (6.26)

where

Q11 = a11+ b11+ c11 + d11
η1

(6.27)

Q12 = a12+ b12+ c12 + d12
η2

(6.28)

Note that equation (6.26) becomes of the same form as Darcy's
equation if Q12 q2 can be neglected which occurs if either fluid 2
becomes immobile or as the saturation of fluid 2 approaches zero.

If fluid 2 is assumed to be a continuous phase as well then through an
identical construction one obtains
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Q21 q1 - Q22 q2  =  ∇p2 - ρ2 g (6.29)

where

Q21 = a21+ b21+ c21 + d21
η1 (6.30)

Q22 = a22+ b22+ c22 + d22
η2 (6.31)

In many cases involving multiphase flow in porous media both
phases cannot be assumed continuous.  In these cases the assumption
of a uniform fluid pressure at the pore scale no longer holds in the
static limit.  In general it is agreed that capillary phenomena play an
important role in multiphase flow in porous media due to the
relatively large curvatures observed at the interfaces.  Here the way
that interfacial tension makes its entrance is through the boundary
condition

p2ni - σi k
(2) nk = p1ni - σi k

(1) nk + αCni (6.32)

on A12.   The sign convention on C is such that it is positive if the
centers of curvature are in fluid 2.

Now integrating equation (6.32) over all 1-2 surfaces in V yields

1
V

 p2 - p2  ni - p1 - p1  ni - σi k
(2) nk + σi k

(1) nk  dA
A12

(6.33)

 + p2 - p1  1
V

  ni dA
A12

  - 1
V

 αC ni dA
A12

 = 0

If fluid 2 does not contact the solid this equation becomes

1
V

 p2 - p2  ni -  p1 - p1  ni - σi k
(2) nk + σi k

(1) nk   dA
A12

(6.34)
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-  p2-p1  ∂iη1  - 1
V

 αC ni dA
A12

 = 0

The first area integral vanishes in the absence of flow and thus when
expressed to first order, in terms of megascopic quantities, only
contains terms proportional to the flow velocities.  In the
homogeneous medium that is being considered, the only independent

vectors that occur are ∂iη1, vi
(1) and vi

(2).  (The pressure gradients ∂ip1

and ∂ip2 are related to these vectors through the flow equations.)
Thus the capillary term may be expressed in terms of a linear
combination of these vectors as

αC ni dA
A12

 = -αf1∂iη1 + αg1vi
(1) + αg2vi

(2) (6.35)

Upon substituting into equation (6.34) one obtains

 b11 + d11 + b21 + d21
η1

 q1 +  b22 + d22 + b12 + d12
η2

 q2
(6.36)

- p2-p1 ∇η1 + αf1∇η1 - 
αg1
η1

q1 - 
 αg2
η2

 q2 = 0

But the three vectors are in general not collinear which, for slow
flow, yields the three relations

 b11 + d11 + b21 + d21
η1

 - 
αg1

η1
 = 0 (6.37)

 b22 + d22 + b12 + d12
η2

 - 
 αg2

η2
 = 0 (6.38)

p2-p1 - αf1 = 0 (6.39)

Now summing equation (6.5) with its fluid 2 analogue it is observed
that interfacial tension effects naturally enter the resulting equation
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∂

∂ t
 (ρβ qi

(β)) + ∂k  ηβ pβ δi k + ηβ ρβ vi
(β) vk

(β) - ηβσi k
(β)

(6.40)

+ 1
V

  pβ δi k  - σi k
(β)  nk dA

Aβs

 - ηβρβ gi - 1V
 αC ni dA

A12

 = 0

In the quasi-static limit this equation may be rewritten as

1
V

 pβ - pβ  ni dA
Aβs

 - p2-p1  ∂iη1+ ηβ ∂i pβ
(6.41)

+ 1
V

  σi k
(β) nk dA

Aβs

 - ηβ ρβ gi - 1V
 αC ni dA

A12

 = 0

The first two area integrals were already considered above and are
proportional to the megascopic velocities.  Once again assuming that
phase 2 does not contact the solid, it is observed the term p2-p1 ∂iη1
exactly cancels the first term in (6.35) when (6.39) is used.  Thus a
second flow equation of the same form as (6.26) and (6.29) may be
obtained.  Therefore the form of the equations of motion is not
altered if the non-wetting phase becomes disconnected during quasi-
static flow.  The increased effect of surface tension enters the
equations by altering the values of the parameters Qij in the equations
of motion.

iii Flow Equations for Quasi-Static Flow

Equations of Motion

Q11 q1 - Q12 q2  = -∇p1 (6.42)
and

Q22 q2 - Q21 q1  = -∇p2 (6.43)

Continuity Equations
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∂η1

∂t
  + ∂kqk

(1) = 0 (6.44)

∂η2

∂t
  + ∂kqk

(2) = 0 (6.45)

Saturation Equation

S1 + S2 = 1 (6.46)

where S1  = 
η1

η0
,  S2  = 

η2

η0
  and η1 + η2 = ηo.

Megascopic Pressure Difference Between Phases

p2-p1 = αf1(S1) (6.47)

iv Multiphase Fluid Displacement

For multiphase flow processes such as immiscible fluid displacement
the quasi-static assumption of the previous sections breaks down.  In
the frontal region relative flow velocities and saturation gradients can
be very large.  An immediate concern that one is now faced with
regarding the previous system of equations is that they may be
observed to be incomplete for dynamical processes.  Here, as is
shown below, simply counting the number of dynamical equations
and dynamic variables one obtains one more variable than equation.
This problem was overcome in the previous section by assuming
quasi-static conditions and imposing a zero'th order constraint on the
megascopic pressure difference between the fluid phases given by
equation (6.47).

The Flow of Two Compressible Fluids
The megascopic parameters, which are considered in this section, are
associated with steady flow in rigid porous media.  A porous medium
is envisaged here as a rigid incompressible matrix whose pores are
fully connected and are filled with viscous compressible fluids.  For
ease of reference the system of equations proposed by de la Cruz and
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Spanos (1983; 1989) is now collected together. It is these equations
on which the following analysis is based.  The equations presented
here are generalized to include bulk viscosity (Hickey et al., 1995).

Equations of Motion

∂
∂ t

 (η1ρ1 vi
(1)) + [µ1∇2v1 +( ξ1 +  1 3 µ1)∇(∇•v1)] + ∇ 

(6.48)
ξ1

η1
o  

∂η1

∂t
 - Q11 q1 - Q12 q2  = ∇p1

and
∂
∂ t

 (η2ρ2 v2) + [µ2∇2v2 +( ξ2 +  1 3 µ2)∇(∇•v2)] + ∇ 
(6.49)

ξ2

η2
o  

∂η2

∂t
 - Q22 q2 - Q21 q1  = ∇p2

Equations of Continuity

1
ρ1

o  
∂

∂t
ρ1 + 1

η1
o  

∂

∂t
 η1 + ∇⋅ v1 = 0 (6.50)

1
ρ2

o  
∂

∂t
ρ2 + 1

η2
o  

∂

∂t
 η2 + ∇⋅ v2 = 0 (6.51)

Pressure Equations

1
K1

 
∂

∂t
p1 = - ∇⋅ v1 - 1

η1
o  

∂

∂t
 η1 (6.52)

1
K2

 
∂

∂t
p2 = - ∇⋅ v2 - 1

η2
o  

∂

∂t
 η2 (6.53)

Saturation Equation
∂η1

∂t
 = δ2∇•v2 - δ1∇•v1 . (6.54)
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The variables v i  are megascopic average quantities.  It is important
to understand that ∇⋅ v i , for instance, does not represent solely the
rate of solid dilation, as in the case of a single fluid component.  It
also incorporates the net flux of a fluid phase into a volume element
due to a change in saturation.  Here the continuity equation (6.50)
describes how this causes (dynamical) changes in the proportioning
of materials by mass.  The saturation equation (6.54) describes the
specific process that is being considered (cf. de la Cruz et al., 1993).
Thus, in general, the parameters δ1 and δ2 for drainage-like processes
can have different values than they do in the case of imbibition-like
processes.  It is also possible that δ1 and δ2 given by (6.65) and (6.66)
for quasi-static compression are different from the imbibition and
drainage sets.  In the present analysis it will be assumed that when
the effect of surface tension can be neglected these three sets of δ's
for quasi-static processes coincide.

If one now restricts the analysis to the case of incompressible, slow,
steady flow then one can once again eliminate the inertial terms, the
Brinkman term and the bulk viscosity terms from the equations of
motion.  In this case the saturation equation can be constructed from
the continuity equations and thus is no longer an independent
equation.  Also the pressure equations each take an indeterminate
form.  As a result one is now left with eight equations ((6.48), (6.49),
(6.50), (6.51)) and nine unknowns (v1, v2, p1, p2, η1).  An empirical
solution to this problem has been supplied by the Leverett (1941) J
function.

J(s) = 
pc

α
 K

P
1/2

(6.55)

When this relation is plotted against the saturation of the wetting
fluid it is observed that imbibition and drainage data yield two
distinctly different curves (cf. Scheidegger, 1974).  A physical
explanation of the type of dynamical relation required has been given
by a number of authors (e.g., Marle 1982; Eastwood, 1991).  These
arguments are based on the grounds that the static capillary pressure
equation is a zero'th order constraint rather than a first order equation
that is required to make the system complete.  These authors have
attempted to write out the most general form for the dynamic
pressure relationship between incompressible phases, which include
parameters that must be determined experimentally.  In the present
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analysis a different approach is taken: since the system of equations
for compressible phases is complete the incompressible limit of these
equations is considered.

The following system of equations

Q11 q1 - Q12 q2  = -∇p1 (6.56)
and

Q22 q2 - Q21 q1  = -∇p2 (6.57)

along with equations (6.50), (6.51), (6.52), (6.53) and (6.54) describe
the motion of two compressible fluids very close to the
incompressible limit described above.

v A Megascopic Capillary Pressure Equation

Now using equation (6.54) to eliminate 
∂η1

∂t
 and 

∂η2

∂t
 from the

pressure equations (6.52) and (6.53) one obtains.

1
K1

 
∂

∂t
p1 = δ1

η1
o  - 1  ∇⋅ v1 - 

δ2

η1
o ∇•v2 (6.58)

1
K2

 
∂

∂t
p2 = - δ1

η2
o  ∇⋅ v1 + δ2

η2
o  - 1  ∇•v2 (6.59)

Now let K1, K2 →∞, but keep K2/K1 = fixed (this assumption
assures that the fluids are interacting phases in the incompressible
limit as opposed to the solid phase, say, which simply imposes
external constraints in this limit by virtue of the conditions Ks/K1

→∞, µs→∞).  Then from (6.52) and (6.53)

1
η1

o  
∂

∂t
 η1 + ∇⋅ v1 = O 1

K
(6.60)
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1
η2

o  
∂

∂t
 η1 - ∇⋅ v2 = O 1

K
(6.61)

From (6.60) and (6.61) one obtains

η1∇⋅ v1 + η1∇⋅ v2 = O 1
K

(6.62)

and from (6.62) and (6.54) one obtains

∂η1

∂t
 = - η1

o δ2

η2
o  + δ1

η1
o  ∇•v1 + O 1

K
(6.63)

Now comparing (6.60) and (6.63) one obtains

δ2

η2
o  + δ1

η1
o  = 1 + O 1

K
(6.64)

If one uses these equations to describe a static compression of the
fluids with zero surface tension then one obtains (setting µs=0 in the
analysis of Hickey, 1994, Hickey et al., 1995)

δ1 = K1
K1

η1
o  + K2

η2
o

(6.65)

δ2 = K2
K1

η1
o  + K2

η2
o

(6.66)

As stated previously, it shall be assumed that the values of δ1 and δ2
are the same for quasi-static flow processes if surface tension (α) is
zero.  Then

δ1 = K1
K1

η1
o  + K2

η2
o

 + δ1
α

(6.67)

and
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δ2 = K2
K1

η1
o  + K2

η2
o

 + δ2
α

(6.68)

where δ1
α
, δ2

α
, which=0, when α = 0 are the pieces which distinguish a

drainage-like process from an imbibition-like process.  Upon
substituting (6.67) and (6.68) into (6.64) one obtains

δ2
α

η2
o  + δ1

α

η1
o  = O 1

K
(6.69)

Equation (6.69) is now interpreted to mean [a more general
interpretation of equation (6.69) is considered following this
construction]

 δ1
α
, δ2

α
 = O 1

K
(6.70)

which yields

δ1 = K1
K1

η1
o  + K2

η2
o

 + a1
K1

 + O 1
K2

(6.71)

δ2 = K2
K1

η1
o  + K2

η2
o

 + a2
K2

 + O 1
K2

(6.72)

Note both incompressible fluid flow and local flow associated with
fluid compressions were not present when the relationships (6.65)
and (6.66) were determined.  The assumption (6.70) is assumed to
represent the process of incompressible fluid flow here and this
assumption is evaluated following this analysis.

From (6.58), (6.71) and (6.72)
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∂p1

∂t
 = - K1 K2

η1
o η2

o K1

η1
o  + K2

η2
o

 η1
o∇⋅v1 +  η2

o∇⋅v2  + a1

η1
o  ∇⋅v1

(6.73)

- K1

η1
o  a2

K2
 ∇⋅v2

Here the first term is an indeterminate form since
η1

o∇⋅ v1 + η2
o∇⋅ v2  = O 1

K
 and its coefficient is O K .  However this

term also appears in

∂p2

∂t
 = - K1 K2

η1
o η2

o K1

η1
o  + K2

η2
o

 η1
o∇⋅v1 +  η2

o∇⋅v2  + a2

η2
o  ∇⋅v2

(6.74)

- K2

η2
o  a1

K1
 ∇⋅v2

Subtracting (6.74) from (6.73) one obtains

∂(p1 - p2)

∂t
 =  a1

η1
o  1 + 

η1
oK2

η2
oK1

 ∇⋅ v1 - a2

η2
o  1 + 

η2
oK1

η1
oK2

 ∇⋅ v2 (6.75)

Now define

α1 = K1

η1
o  + K2

η2
o  δ1 - K1 (6.76)

α2 = K1

η1
o  + K2

η2
o  δ2 - K2 (6.77)

and one may write

∂(p1 - p2)

∂t
 =  α1 ∇⋅ v1 - α2 ∇⋅ v2 (6.78)

Note α1 and α2 are of O(1); however, to measure them via δ1 and δ2
would pose difficult experimental problems because of the
indeterminate forms of (6.71) and (6.72).  It therefore appears that δ1
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and δ2 have served their purpose in formally leading us to (6.78).
Furthermore using (6.62) one may reduce (6.78) to

∂(p1 - p2)

∂t
 =  α1 + 

η1
o

η2
o  α2  ∇⋅ v1 (6.79)

or finally (from the continuity equation)

∂(p1 - p2)

∂t
  = - β

∂S1

∂t
(6.80)

where β =  
ηo

η1
o  α1 + 

ηo

η2
o  α2  may be taken as the new single parameter

replacing the pair  δ1 and δ2.  Here the parameter β which is a linear
combination of α1 and α2 vanishes when α=0, and is in general
different for different processes.  Equation (6.80) completes the
system of equations for slow, incompressible, two phase flow.

A more general interpretation of equation (6.69) yields

δ1
α
 =  δ1

(o)α
 + O 1

K (6.81)

δ2
α
 =  δ2

(o)α
 + O 1

K (6.82)
where

 δ2
(o)α

η2
o  + δ1

(o)α

η1
o  = 0 (6.83)

Thus

δ1 = K1
K1

η1
o  + K2

η2
o

 + δ1
(o)α

 + a1
K1

 + O 1
K2 (6.84)
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δ2 = K2
K1

η1
o  + K2

η2
o

 + δ2
(o)α

 + a2
K2

 + O 1
K2 (6.85)

Upon substituting equations (6.84) and (6.85) into equations (6.58)
and (6.59) one obtains

∂p1

∂t
 = - K1 K2

η1
o η2

o K1

η1
o  + K2

η2
o

 η1
o∇⋅ v1 + η2

o∇⋅ v2  

(6.86)

+ K1

η1
o  δ1

(o)α
+ a1

K1
 ∇⋅ v1 - K1

η1
o  δ2

(o)α
+  a2

K2
 ∇⋅ v2

∂p2

∂t
 = - K1 K2

η1
o η2

o K1

η1
o  + K2

η2
o

 η1
o∇⋅ v1 + η2

o∇⋅ v2

(6.87)

- K2

η2
o  δ1

(o)α
+ a1

K1
 ∇⋅ v1 + K2

η2
o  δ2

(o)α
+  a2

K2
 ∇⋅ v2

Upon subtracting equation (6.87) from equation (6.86) one obtains

∂(p1-p2)

∂t
 = K1

η1
o  + K2

η2
o  δ1

(o)α
 ∇⋅ v1 -  δ2

(o)α
 ∇⋅ v2

(6.88)

+ K1

η1
o  + K2

η2
o  a1

K1
 ∇⋅ v1 - a2

K2
 ∇⋅ v2

but from equation (6.83)

δ2
(o)α

 = - 
η2

o

η1
o  δ1

(o)α

(6.89)

and thus the first term in Equation (6.88) becomes
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K1

η1
o  + K2

η2
o  η1

o ∇⋅ v1 +  η2
o ∇⋅ v2  δ1

(o)α

η1
o (6.90)

which is an indeterminate form since
K1

η1
o  + K2

η2
o  = O(K)

(6.91)
and

η1
o ∇⋅ v1 +  η2

o ∇⋅ v2  = O 1
K (6.92)

Thus it is quite possible for δ1
α
 and δ2

α
 to contain terms of O 1 .  But

unless such terms cancel, when the pressure equations are combined
the resulting equation remains in an indeterminate form.  The
additional complication that arises is that one must now evaluate the
limit as K1, K2 →∞ of the indeterminate form (6.90).  These terms
are required for example to account for flow processes not included
in the above system of equations.  However, in the incompressible
limit, it must be kept in mind that when one specifies
η1

o ∇⋅ v1 +  η2
o ∇⋅ v2 one cannot make both (6.86) and (6.87)

determinate to O 1  and independent without making the system of
equations over determined.  Another important limiting case, which
supplies some insight into the effect that these additional terms must
play, is given by immiscible displacement in the limit as surface
tension goes to zero.   In this case one observes that if fluid 1 is
displacing fluid 2 from a volume element V then the saturation of
fluid 1 in V is increasing with time.   Furthermore there must be a
pressure gradient in the direction of flow implying that the average
pressure in fluid 1 must be greater than that in fluid 2 and when
displacement no longer occurs (i.e., the saturation in V becomes
constant) the pressure difference must vanish.  Thus to first order the
pressure difference must be proportional to the rate of change of
saturation with time in V yielding

p1 - p2  =  β
'
 
∂S1

∂t
(6.93)

Thus in the case of zero surface tension one obtains
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∂(p1 - p2)

∂t
  =  β

'
 
∂

2
S1

∂t
2

(6.94)

Upon including the effect of surface tension as expressed in equation
(6.80) for the case of slow flow one obtains

 
∂(p1 - p2)

∂t
  = - β

∂S1

∂t
  + β

'
  

∂
2
S1

∂t
2

 (6.95)

Thus a process dependent equation that constrains the megascopic
pressure difference between phases, along with the equations of
motion and the continuity equations, is found to form a complete
system of equations describing the immiscible flow of two
incompressible fluid phases through porous media.

The requirement that one incorporate the process dependent equation
(6.54) into the pressure equations in order to evaluate the
incompressible limit, which yields equation (6.95), means that in

specifying the parameters β and β
'
 one is selecting a specific process.

Thus for example in the cases of imbibition and drainage during slow
flow it appears that one must assign different values to β if the nature
of the connectivity of the non-wetting phase (at the pore scale) is
different in the two processes.

vi Boundary Conditions Associated with Fluid Displacement

In order to obtain a clear understanding of the boundary conditions
associated with fluid displacement a very specific class of boundaries
will be considered.  The solid matrix will be assumed to be rigid and
incompressible and thus simply impose external constraints on the
motions of the fluids by virtue of its structure.  Thus a sharp change
in the structure of the solid matrix would impose an external
boundary condition on the fluids.  In the interior of a homogeneous
porous medium a transition region between fluids may define a
frontal region between two interacting phases.  If the transition region
is assumed to be sharp with respect to the scale at which the motions
are observed then it can be treated as a boundary.  The boundary
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conditions may then be constructed using similar physical arguments
to those presented for seismic boundary conditions.

Here continuity of the normal component of the velocity of
momentum flux yields

v(a ) ⋅ n  = v ( b) ⋅ n (6.96)
where

v(α)  = 
 S o 1

(α)  ρ(α) 1
 o  v1

(α) + (1 - S o 1
(α) ) ρ(α)  2

 o  v2
(α)  

So 1
(α) ρ(α)  1

o  + (1 - So 1
(α)) ρ(α)  2

o
   α= a,b (6.97)

and

 S o 1
(α)  = 

η o 1
(α)

η o
(α)

(6.98)

is the saturation of phase 1 in medium α.

The boundary condition

ττττ i k
(a)  nk = ττττ i k

 (b) nk (6.99)

can only have meaning in the presence of flow (displacement)  since
the saturations of the two phases will equalize throughout the
medium due to capillary effects if displacement ceases (ignoring
body forces at present).   Thus at the boundary one obtains

τ i k
(α) nk = p(α) δ i k nk + ν1

(α) (vn 1
(α) - u) + ν2

(α) (vn 2
(α) - u) (6.100)

where
u = v (a ) ⋅  n  = v ( b) ⋅  n (6.101)

Upon combining equations (6.99) and (6.100) one obtains

p(a) - p(b) = ν1
(a)

 vn 1
(a)  + ν1

(b)
 vn 1

(b) + ν  u (6.102)
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In certain cases however it is possible to obtain the equations of
multiphase flow in the transition region between the media.  If one
then goes to a larger scale at which the transition region appears
sharp, then the identical boundary conditions must be obtained by
taking the volume average of these equations of motion.  Spanos and
de la Cruz (1983) have demonstrated this result.

If a phase transition is allowed for, then a megascopic phase
equilibrium equation is obtained as an additional boundary condition.
Here a relation is sought through manipulation of the following three
basic conditions

φ1(T1, p1) = φ2(T2, p2) (6.103)

T1 = T2 (6.104)

p1  = p2 +  ν1 vn 1 + ν2 vn 2 (6.105)

where it will be assumed that fluid 1 is steam, fluid 2 is water, only
steam exists on one side of the front and only water exists on the
other side.  Here φi are the chemical potentials and since T1 = T2
equation (6.103) becomes

φ1(T1, p1) = φ2(T1, p2) (6.106)

Now define p by
φ1(T1,p) = φ2(T1,p) (6.107)

Then the phase equilibrium condition yields a relation between p and
T1,

p = peq(T1) (6.108)

Assuming that p1 and p2 do not deviate very much from p, equation
(6.106) may be expanded keeping only linear terms in pi - p

φ1(T1,p) + 
∂φ1

∂p1

 (p1 - p)  = φ2(T1,p) + 
∂φ2

∂p2

 (p2 - p) (6.109)

Thus
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∂φ1

∂p1

 p1 - peq(T1)   =  
∂φ2

∂p2

 p2 - peq(T1) (6.110)

which may be rewritten as

V1 p1 - peq   =  V2 p2 - peq (6.111)
where V1 and V2 are the volumes per molecule.

Substituting equation (6.105) into (6.111) one obtains

V1 - V2   p1 - peq   +  V2  ν1 vn 1 + ν2 vn 2  = 0 (6.112)

Now eliminating Vi in favour of the mass densities ρi,

 Vi = m/ρi (6.113)

where m is the mass per molecule.  Thus

p1  = peq(T1) - 
ρ1

ρ2 - ρ1
  ν1 vn 1 + ν2 vn 2 (6.114)

yields the megascopic Clapyron equation subject to the above
assumptions.

vii Instabilities During Immiscible Displacement

Consider the problem of two immiscible superposed incompressible
fluids, initially at rest with their interface coinciding on the y=0
plane.  Subscript 2 denotes the upper fluid and subscript 1 the lower
fluid.  Here it is assumed that the front remains sharp and thus
dispersion instabilities (unstable broadening of the front) do not
occur.  The onset of a dispersion instability may also be observed
through a stability analysis and is considered following this analysis
of viscous fingering.  The equation of motion for both phases is given
by Darcy's equation:

 µ
K

 q= -∇P - ρg (6.115)

Both fluids are incompressible so that
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∇ • q = 0 (6.116)

which along with Darcy's equation implies

q= -∇ψ , and  ∇
2
ψ = 0 (6.117)

The initial perturbation of the interface will be of the form

E(x,y)≡exp i (kxx+kyy)  (6.118)

where k2 = kx
2+ky

2 and amplitude small compared to the wavelength.
Here ψ1 and ψ2 will be of the form:

ψ1 = Bε cosh[kz] entE(x,y) (6.119)

ψ2 = -Aε cosh[-kz] entE(x,y) (6.120)

Now the stability or instability of the interface for a particular
disturbance with wave number, k, is determined by the sign of the
real part of n, the stability index.  Since the amplitude of the initial
perturbation is small with respect to the wave length, then in what
follows the normal components of the pertinent vector quantities are
equal to the vertical components if higher order terms are neglected,
which is the case for a linear stability analysis.  The equation of the
perturbed interface is z = ζ(x,y,t), where ζ is the displacement from
the equilibrium condition.  Since a fluid particle remains on the
interface,

D[z-ζ(x,y,t)]
Dt

 = 0 (6.121)

which simplifies to (keeping only first order terms),

v =  
∂ 
∂t

 ζ(x,y,t)  at z = ζ (6.122)

Continuity of pressure across the interface is given by



The Thermophysics of Porous Media 147

P1 - P2 = γ v (6.123)

If the front is in motion then one observes a stabilizing force if the
more viscous phase is the displacing phase and an additional
destabilizing force if the less viscous phase is the displacing phase.
This result is expressed by  (Spanos and de la Cruz, 1984).

n = 1η 

µ1

K
  + 

µ2

K
   Uk + ( ρ2-ρ1)gk

µ1

K
  + 

µ2

K
   + γk

(6.124)

where U is the unperturbed velocity of the front.

The assumption of a sharp front is not always valid.  In many cases
the front may broaden as it advances and may even do so in an
unstable fashion.  This effect is known as dispersion and to simplify
this discussion it is assumed that g=0.

For slow, multiphase fluid flow in a porous medium the equations of
motion in one dimension are given by

ρ1 
∂v1

∂t
 + Q11 q1 - Q12 q2  = - 

∂p1

∂x
(6.125)

ρ2 
∂v2

∂t
 + Q22 q2 - Q21q1  = - 

∂p2

∂x
(6.126)

∂(p1 - p2)
∂t

  = - β
∂S1

∂t
 - β'  

∂2S1

∂t2
(6.127)

Here three equations are required to completely specify Newton's
second law since one has three

 

degrees of freedom in strain rate.  The
associated variables are the volumetric flow rates of the two

 

phases
 q1,  q2 and the rate of change of the relative proportions of the two
phases S1. These

 

equations are supplemented by the continuity
equation

∂S1

∂t
  + 1

η
 
∂qk

(1)

∂x
 = 0 (6.128)
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It is interesting to note that ignoring the hyperbolic terms in (6.125)
and (6.126) results in instabilities that grow at infinite speed.  Upon
subtracting equations (6.125) and (6.126), assuming a constant flow
rate u

η
 = q = q1 + q2

  
and defining the fractional flow rate of fluid 1 as

f1 = 
q1
q (6.129)

one obtains the system of equations

∂(p1 - p2)
∂x

  = - q Q11+ Q12+Q 22 + Q21  f1  - (Q12+Q 22) q 

(6.130)

+ ρ1 
∂v1

∂t
 - ρ2 

∂v2

∂t

∂(p1 - p2)
∂t

  = - β
∂S1

∂t
 - β'  

∂2S1

∂t2
(6.131)

∂S1

∂t
  + 1

η
 
∂qk

(1)

∂x
 = 0 (6.132)

In order to follow along a given saturation contour

dS1
dt

  = 0 (6.133)

is required and thus

∂S1

∂t
  + us⋅

∂ S1

∂x
 = 0 (6.134)

where us is the velocity of the saturation contour.  The saturation at a
given position may be described as a function of time S1(x,t) .  We
may also specify the saturation at a specific time and find out where
in space it is x(S1,t) .  Now observe that
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∂

∂t
 x(S1,t) = us(S1,t) (6.135)

Now consider two saturation values SL and SH (low and high) where
SH>SL.  The distance between the two saturations is given by

w(SL, SH,t) = x( SH,t) - x( SL,t) (6.136)

We may now classify dispersion into three categories according to
the second time derivative of the width

∂
2

∂t2
w(SL, SH,t) 

< 0  the front sharpens      
= 0  dispersion is constant
>0  dispersion accelerates

(6.137)

An analysis of the relative importance of dispersion and viscous
fingering was presented by Cyr et al. (1988).  The purpose of that
analysis was to classify conditions under which each of the instability
phenomena will dominate; however the dynamic pressure equation
was not included and thus the stability analysis was over constrained.
That analysis was based on certain characteristic lengths and times
associated with the reservoir (experiment).  A complete solution of
the dispersion and fingering instabilities may be solved to first order
as an eigenvalue problem.

viii Multiphase Flow with Phase Transitions

The case of steam displacing water has been described by de la Cruz
et al. (1985).  When considering the analysis in that paper however
the constant α* should be set to zero.  Here the case of water
overlying steam is considered.  This analysis was first considered by
Eastwood (1991).

When phase transitions occur the volume average of the continuity
equations for each phase become
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0 = 1
V

∂ρi

∂t
 +∇•(ρivi)  dV

V (6.138)

 = 1
V

 
∂
∂t

ρi dV
V

 - ρiu12•dAi

Ai

 + ∇• ρivi dV
V

 + ρivi•dAi

Ai

 

where Ai refers to all interfaces within the volume element in contact
with the ith phase; once again Ai denotes the positive normal direction
(outward from the ith phase), and u12 represents the velocity of the
interfaces in contact with the ith phase.  Thus with phase change there
are three velocities associated with a liquid gas interface.  They are
u12, the interface velocity, and v1, v2 , the velocities of each fluid
phase. These three velocities are related through the macroscopic
conservation of momentum at all liquid gas interfaces.

ρ1(v1-u12)•n = ρ2(v2-u12)•n (6.139)

If a phase change does not occur then u12•n = vi•n and the two area
integrals in Equation (6.138) cancel identically leaving

∂ηi

∂t
 +  ∇•qi = 0 (6.140)

which is the conventional form for the continuity equation for two
immiscible incompressible fluids in a porous medium.  However, in
the present case, the area integrals can be expanded; for example the
area integrals for fluid 1 are

 ρ1v1•dA1

A1

 = ρ1v1•dA1

A1S

 + ρ1v1•dA1

A12

(6.141)

and

 ρ1u1•dA1

A1

 = ρ1u1•dA1

A1S

 + ρ1u1•dA1

A12

(6.142)
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The two area integrals involving solid interfaces are identically zero.
Substituting Equation (6.141) and (6.142) into Equation (6.138), the
macroscale continuity equation becomes

∂ηi

∂t
 + ∇•qi + 1

V
(v i-u12)•dAi

A12

 = 0 (6.143)

By substituting ηi = η Si, where Si is the saturation of the ith phase,
Equation (6.143) becomes

∂Si

∂t
 + 1

η
∇•qi + 1

ηV
(v i-u12)•dA1

A12

 = 0 (6.144)

Summing the continuity equations given by Equation (6.144) for
each phase and utilizing S1+S2=1 give

  1
η

 ∇•q1 + ∇•q2  + 1
ηV

(v1-v2)•dA1

A12

 = 0 (6.145)

where the normal is directed from phase 1 to phase 2.  Also, if the
continuity equations for each phase, Equation (6.145), are first
multiplied by their respective densities and then summed, the
resulting mass conservation equation is

 1
η

 ρ1∇•q1 + ρ2∇•q2  + ρ1 - ρ2  
∂S1

∂t
= 0 (6.146)

This form for the mass conservation equation simply states mass in -
mass out = change of mass.

Now consider the case when the two superposed layers are two
phases of the same fluid.  The initial perturbation is of the form
E(x,y), with amplitude small compared to wavelength.  The upper
fluid (liquid denoted by the index 2) has density ρ2, and the lower
fluid (gas denoted by the index 1) has density ρ1.  The equations of
motion are still given by Darcy's equation for each fluid and the heat
equation for fluids initially at rest is
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∇
2
Ti

o = 0,  i=1,2 (6.147)

where the temperatures in the steam and the water are given by

Ti = Ti
o + Ti

'
(6.148)

The frontal boundary conditions are:

Continuity of Temperature

T1 = T2  (6.149)

Newton’s Third Law

P1 - P2 =γ1q1 +γ2q2 (6.150)

Conservation of Momentum

 ρ1(q1-ηv)  = ρ2(q2-ηv) (6.151)

(This equation expresses material balance in terms of the changes in
velocity which occur due to the volume changes associated with
phase transition cf. de la Cruz et al., 1985.)

Conservation of Energy

ρ1h1q1 - ρ1ε1v - κM
1 ∂T1

∂z
 = ρ2h2q2 - ρ2ε2v - κM

2 ∂T2

∂z   (6.152)

For the last two equations, it is the normal component of these
quantities that is conserved. Under the present first order assumptions
the normal component is equal to the vertical, since the wavelength
of the disturbance is much greater than the amplitude.  At the
interface within the porous matrix the two phases must coexist, so
that the phase equilibrium condition must be satisfied which also
allows for an interface with curvature (de la Cruz et al., 1985).

P2 = Peq(Tf) + 
dPeq

dT
 T2

'  + dT2
dz o

z  - 
ρ2

(ρ1 - ρ2)
 (γ1q1 + γ2q2) (6.153)
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The velocity potentials, the fluid velocities and equation of the
interface now have the following form,

ψ1 = C1εekzentE(x,y) (6.154)

ψ2 = - C2εke-kzentE(x,y) (6.155)

q1 = - C1εekzentE(x,y) (6.156)

q2 = -C2εke-kzentE(x,y) (6.157)

ζ(x,y,t) = εentE(x,y) (6.158)

where ψ1 and ψ2 satisfy the Laplace equation, q1 and q2 represent the
velocities of the perturbation in the liquid and the gas, and v
represents the velocity of the actual phase change front.  C1 and C2
are not constants but rather parameters that will have a n-k
dependence.  The integrated form of Darcy's equation, retaining only
the vertical components, is

Pi - Po + ρigz - 
µi

K
ψi = 0 

(6.159)

Substituting the above expressions for the ψ's, the q's and z at the
interface into Equation (6.159) for each phase and utilizing the
interface pressure condition, Equation (6.150), the following
expression is obtained,

(
µ2

K
 + γ2k)C2 - (

µ1

K
 + γ1k)C1 + (ρ1 - ρ2)g  = 0 (6.160)

Similarly, the equation for conservation of momentum, Equation
(6.149), at the interface yields

ρ1kC1 + ρ2kC2 + ηn(ρ2 - ρ1) = 0 (6.161)

The integrated form of Equation (6.147) is
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Ti
o = 

∂Ti

∂z o
 z + Tf (6.162)

which specifies the initial temperature distribution in each phase, and

κM
1  

∂T1

∂z o
 = κM

2  
∂T2

∂z o
(6.163)

which comes from Equation (6.152), the conservation of energy
equation for the unperturbed state at time t = 0.  The heat transfer
equation is, for each phase in a porous medium,

(ρc)i
∂Ti

∂t
 + ρiciqi• ∇Ti - κM

i  ∇
2
 Ti = 0 (6.164)

where
(ρc)i = ηρici + (1-η)ρscs (6.165)

and
κM

i  = ηκM
f  + (1-η)κM

s (6.166)

are assumed to be sufficient approximations for investigating stability
(de la Cruz et al., 1985).  Substituting Equation (6.148) into Equation
(6.164) and linearizing gives

(ρc)i
∂Ti

'

∂t
 + ρiciqi• 

∂Ti
o

∂z
 - κM

i  ∇2 Ti
'  = 0 (6.167)

With the assumption that the perturbed temperature is of the form

Ti
'  = Ti

' (z) εent E(x,y) (6.168)

the solution of Equation (6.167) is

T1
' (x,y,z,t) = (λ1e- k2+  n(ρc)1/κ1 z

(6.169)

- C1
k
n

ρ1c1

(ρc)1

∂T1

∂z o
e-kz) εentE(x,y) 

for the liquid phase and
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T2
' (x,y,z,t) = (λ2e k2+  n(ρc)2/κ2  z 

(6.170)

+ C2
k
n

ρ2c2

(ρc)2

∂T2

∂z o
e+kz) εentE(x,y)

for the gas phase.  Combining Equations (6.150), (6.151), (6.168) and
(6.169), the continuity of temperature at the interface (linearized)
gives the following condition,

k
ρ2c2

(ρc)2

∂T2

∂z o
C2 - k

ρ1c1

(ρc)1

∂T1

∂z o
C1 + nλ2 - nλ1

(6.171)

+ n
∂T2

∂z o
 - 

∂T1

∂z o
 = 0

Substituting Equations (6.151), (6.159), (6.160), (6.161), (6.169) and
(6.170) into Equation (6.155), the equation for conservation of
energy, one obtains

ρ1h1C1k - ρ1h1nφ + κM
1 (λ1 k2+ n(ρc)1/κM

1  - C1
k2

n
ρ1c1

(ρc)1

∂T1

∂z o
)

(6.172)

 + ρ2h2C2k + ρ2h2nφ + κ2(λ2 k2+ n(ρc)2/κ2  + C2
k2

n
ρ2c2

(ρc)2

∂T2

∂z o
) = 0

at the interface, where hi = εi  for an incompressible fluid.

The phase equilibrium equation, Equation (6.156), provides the
relationship between pressure and temperature at the perturbed
interface. Substituting the integrated form of Darcy's equation (6.163)
as well as equations (6.158), (6.159), (6.160) and (6.170) into
equation (6.156) gives the required equation,

 
µ2

K
 C2 - ρ2g - 

dPeq

dT
  λ2 + (C2 

ρ2c2

(ρc)2
 - kn + 1) 

∂T2

∂z o
 

(6.173)

  
-  

ρ2

(ρ2 - ρ1)
 (γ1C1 - γ2C2)k = 0
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The five equations (6.164), (6.165), (6.171), (6.172) and (6.173)
contain six unknowns, C1, C2, λ1, λ2, k and n

Mi1C1 + Mi2C2 + Mi3λ1 + Mi4λ2 + Mi5 = 0,    i=1, 5 (6.174)

The resulting matrix elements, Mij, are

M11 = -(
µ1

K
 + γ1k) (6.175)

M12 = (
µ2

K
 + γ2k) (6.176)

M13 =  0 (6.177)

M14 =  0 (6.178)

M15 = (ρ1 - ρ2)g (6.179)

M21 = ρ1k (6.180)

M22 = ρ2k (6.181)

M23 = 0 (6.182)

M24 = 0 (6.183)

M25 =  η (ρ2 - ρ1) n (6.184)

M31 =  
ρ1c1

(ρc)1

∂T1

∂z o
k (6.185)

M32 =  
ρ2c2

(ρc)2

∂T2

∂z o
k (6.186)

M33 = -n (6.187)

M34 = n (6.188)
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M35 = 
∂T2

∂z o
 - 

∂T1

∂z o
 n (6.189)

M41 = ρ1h1nk - κM
1 ρ1c1

(ρc)1

∂T1

∂z o
k2 (6.190)

M42 = ρ2h2nk + κM
2 ρ2c2

(ρc)2

∂T2

∂z o
k2 (6.191)

M43 = κM
1 k2+ n(ρc)1/κM

1  n (6.192)

M44 = κM
2 k2+ n(ρc)2/κM

2  n (6.193)

M45 =  φ(ρ2h2 - ρ1h1)n2
(6.194)

M51 = 
ρ2

ρ1 - ρ2
 γ1nk (6.195)

M52 = 
µ2

K
 n - 

ρ2c2

(ρc)2

dPeq

dT
 
∂T2

∂z o
k- 

ρ2

(ρ2 - ρ1)
 γ2nk (6.196)

M53 =  0 (6.197)

M54 = - 
dpeq

dT
  n (6.198)

M55 = -ρ2gn - 
dPeq

dT
∂T2

∂z o
n (6.199)

In order for nontrivial solutions of (6.174) to exist the determinant of
coefficients must vanish

|Mij | = 0 (6.200)

This yields the relationship between n and k and thus specifies how
each wavelength grows or decays.
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ix Summary

In order to describe the gross effects of fluid motions through porous
media, a megascopic flow description has been constructed.  Here the
medium has been assumed to contain fully connected pores of
random size shapes and orientations.  The largest of these pores has
been assumed to be orders of magnitude smaller than the scale at
which the flow is being described.  The smallest of these pores is
assumed to be sufficiently large that a continuum flow description is
firmly established.

Here it has also been assumed that two immiscible fluid phases are
present in the porous medium.  One must therefore incorporate the
boundary conditions between the fluid phases as well as the boundary
conditions between each fluid phase and the solid into the
megascopic description.

In the limiting case of a "sharp" front (at the megascale)
displacement processes, one obtains two regions in which single-
phase flow may be considered and a thin boundary region in which
the effect of moving interfaces between fluids must be incorporated.
Under these conditions the criteria for viscous fingering may be
considered through stability analysis (cf. de la Cruz et al., 1985;
Spanos and de la Cruz, 1984).  In cases where the front does not
remain sharp multiphase flow must be addressed.  Stability theory
has also been applied to this case to determine if saturation contours
separate in an unstable fashion.  This instability phenomenon is
referred to as frontal dispersion.

The introduction of phase transitions has dramatic stabilizing effects
on both of these instability processes.  If for example one places
water over steam in a porous medium then one can obtain a sharp and
stable front if the permeability is sufficiently low (cf. Eastwood,
1991).  For steam displacing water one may stabilize the front by
increasing the flow rate (de la Cruz et al., 1985).  Dispersion may be
induced though the addition of a non-condensable gas which, may
reduce the stabilizing effect of the phase transition if it is thoroughly
mixed.
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Chapter VII

Miscible Displacement in Porous
Media

i Objectives of this Chapter

In this chapter a system of equations for miscible flow in porous
media is constructed.  A system of equations for miscible
displacement in porous media was constructed (Udey et al., 1993) by
considering the limiting case of immiscible flow with zero surface
tension.  Yang et al. (1998) demonstrated that for miscible
displacement the megascopic pressure difference between phases
must be non-zero due to the effect of an average pressure drop
between the displacing and displaced phases.  In this chapter the
theory presented by Udey et al. (1993) is reviewed and the effect that
a dynamic capillary pressure has on this theory is discussed.  The
resulting equations differ from the theory that has been the most
standard description of miscible displacement (e.g., Bear, 1988).  In
the standard description the dynamics of the fluid is described by
introducing a dispersion tensor in analogy to Fick's law for diffusion.
When this description is combined with the equation of continuity
(conservation of mass) the dynamics is embodied in the well-known
convection-diffusion equation.  There is, however, a long-standing
puzzle using this approach.  The value of the dispersion needed by a
simulation to match actual miscible displacements in porous media is
usually much larger than the dispersion value obtained from the
breakthrough curves (Pickens and Grisak, 1981); therefore the
dispersion is apparently scale dependent.  The usual explanation for
this discrepancy is that the dispersion is being affected in some
unknown way by field scale heterogeneities.  The theory to be
presented in this chapter provides a simple explanation for this scale
dependence.
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ii Equation of Continuity

Consider a three dimensional homogeneous and isotropic porous
medium with porosity η which is spatially constant and time
independent.  Fluid 1 with density ρ1 and viscosity µ1 initially fills
the pores and is being displaced by fluid 2 with density ρ2 and
viscosity µ2.  It is assumed that each fluid is incompressible.

Since the molecular diffusion is negligible, each fluid occupies its
own volume.  Furthermore, each fluid obeys its own equation of
continuity and the dynamics of the fluid flow is governed by the
Navier-Stokes equations.  To obtain the megascopic equations of
flow, volume averaging is applied to the pore scale equations as was
done in Chapter VI.  Throughout this discussion, one must keep in
mind that fluid 1 remains in contact with the porous matrix and the
no slip condition applies.

Let V represent a volume over which volume averaging may be
performed.  The fluid volume Vf in V is the sum of the two fluid
volumes:

Vf = ηV = V1 + V2 (7.1)

The fractional volume of fluid i is defined by

ηi = Vi
V (7.2)

which, by virtue of equation (7.1), implies that

η = η1 + η2 (7.3)

The saturation (proportion by volume) of each fluid is given by

Si = Vi
V

 = 
ηi
η   ,  i = 1..2 (7.4)

Equation (7.3) may be rewritten via equation (7.4) as

1 = S1 + S2 (7.5)
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Equation (7.5) allows us to replace S2 by (1-S1) whenever it appears
in our equations.  S1 alone may characterize the composition of the
fluids during miscible flow.

The mass of a fluid component, Mi, contained in the volume V is

Mi = ρiVi , i = 1..2 (7.6)

The mass concentration of a fluid component (Fried and
Combarnous, 1971) is the mass of that component in a volume
divided by the volume; thus the concentration is

ci = Mi
V

 =  ρiSi  , i = 1..2 (7.7)

The mass density of the fluid is the total fluid mass in V divided by
V,

ρ = Mf
V

  ,  Mf = M1 + M2 (7.8)

which leads to the expression

ρ =  c1 + c2

   = ρ1S1 +ρ2S2  = ρ2 + (ρ1 - ρ2)S1 (7.9)

This result is rather important in that it serves as a guide to the
construction of the continuity equation.

A quantity related to the mass concentration is the fractional mass
concentration defined by

cf i = ci
ρ  , i = 1..2 (7.10)

Equation (7.9) and equation (7.10) now imply

1 = cf 1 + cf 2 (7.11)

Equations  (7.7), (7.9) and (7.10) may be used to express cf2 in terms
of S1,
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cf 2 = 
ρ2(1 - S1)

ρ2 + (ρ1 - ρ2)S1
(7.12)

which in turn may be rearranged to express the saturation in terms of
the fractional concentration:

S1 = 
ρ2(1 - cf 2)

ρ2 + (ρ1 - ρ2)cf 2
(7.13)

The present description of miscible flow is formulated in terms of
saturation; S1 is the independent variable that describes the
composition of the fluid.  However, the composition of the fluids
during miscible flows is often described by the fractional
concentration of the displacing fluid, namely cf2.  If necessary,
equation (7.13) permits these results to be expressed in terms of
concentration.

When volume averaging is applied to the pore scale equations of
continuity for each fluid one obtains the following set of equations
(de la Cruz and Spanos, 1983):

∂ηi

∂t
 + ∇⋅ qi =  0  ,  i = 1..2 (7.14)

Here, qi are the Darcy velocities for each fluid.  Simply adding these
equations together, one obtains

∂η 

∂t
 + ∇⋅  q =  0  (7.15)

where the total Darcy flow for the fluid as a whole is

q =  q1 + q2 (7.16)

Since the porosity is a constant in time equation, (7.15) immediately
gives us the equation of incompressibility:

∇⋅ q = 0 (7.17)
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An alternative form of the equations (7.14) is obtained by simply
dividing them by the porosity:

∂Si

∂t
 + ∇⋅ (

qi
η) =  0  ,  i = 1..2 (7.18)

If this equation is now multiplied by the fluid density ρi one obtains
the equation of continuity for fluid component i, namely

∂ci

∂t
 + ∇⋅(ci vi) =  0  ,  i = 1..2 (7.19)

where the velocity of fluid i is given by

vi = 1
Si

 
qi
η  ,  i = 1..2 (7.20)

and may be seen to be the momentum per unit mass for fluid
component i.

Now equation (7.9) suggests that the continuity equations of the fluid
components, equations (7.19), should be added to obtain the
continuity equation for the whole fluid.  This operation gives us

∂ρ
∂t

 + ∇⋅(c1v1 + c2v2) =  0 (7.21)

Here the equation of continuity of a multicomponent fluid serves to
define the fluid velocity as the total momentum per unit mass of fluid
(Landau and Lifshitz, 1975).  Therefore, one may express equation
(7.21) as

∂ρ
∂t

 + ∇⋅(ρv) = 0 (7.22)

so that the fluid velocity v  is defined by

v = c1v1 + c2v2
ρ

   = 
ρ1q1 + ρ2q2

η ρ  
(7.23)
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Note that when the two fluids have the same density one has

ρ = ρ1 = ρ2  ,  c f2 = 1 - S1 (7.24)

so the fluid velocity becomes

v = u (7.25)

where the average interstitial fluid velocity is given by

u = 
q
η (7.26)

Consequently, the equation of continuity (7.22) reduces to the
equation of incompressibility (7.17) in this case.  Equation (7.25) is
the Dupuit-Forcheimer assumption (Scheidegger, 1974) that is
normally used in the convection-diffusion theory of miscible
displacement.  Here it is valid only for equal density fluids, but this is
often the situation in laboratory experiments (e.g., Brigham et al.,
1961).

iii Convection Diffusion Theory

In the case of standard miscible theory, the equation of evolution is
the convection-diffusion equation.  Breakthrough curves are often
conducted with fluids closely matched in density so that the total
density is essentially constant; a tracer marks the displacing fluid.  In
this situation the convection-diffusion equation is

∂cf 2

∂t
 + u⋅∇cf 2  =  ∇⋅( D⋅∇(cf 2) ) (7.27)

where D is the dispersion tensor.

When immiscible equations are used to model the flow, the relevant
evolution equation for saturation is

∂S1

∂t
 + vqu⋅∇S1 =  0 (7.28)
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where the isosaturation speed vq  is given in terms of the fractional
flow f1 = q1/q by

vq = d f1
dS1

 (7.29)

The saturation is related to the fractional concentration in the tracer
case by

S1 = 1 - cf 2 (7.30)

so a simple change of variable yields

∂cf2

∂t
 + vqu⋅∇cf2 =  0 (7.31)

Darcy’s equation also holds here except that the present solution
relates the viscosity to the solution's underlying functions A(S1) and
B(S1) by

1
µ(S1)

 = 
A(S1)

µ1
 + 

B(S1)
µ2

 (7.32)

Dispersion in miscible displacement is attributable to molecular
diffusion and mechanical dispersion that in turn is due to the fluid
motion through the porous matrix. This separation permits the
classification of the flow into four regimes (Fried and Combarnous,
1971; Bear, 1988) depending upon the relative contribution of
mechanical dispersion and diffusion to the total dispersion.  At low
flow rates diffusion is dominant and mechanical dispersion is
negligible.  At high flow rates, the reverse is true.  Now the standard
miscible theory is supposed to be valid throughout this range. On the
other hand, the present solution to the flow using immiscible theory
is only valid at high flow rates where diffusion is negligible.  Thus
any comparison between the two approaches can only be made in that
regime.

The two theories discussed above appear identical except for the
equation of evolution for the fractional concentration, and this means
the nature of that evolution differs radically between the two theories.
To examine this difference, one may look at the kinematics.  The
term kinematics is used to refer to the motion of the fractional
concentration in time.  A point of constant concentration moves from
one space point to another as time evolves with a velocity vc(x,t). This
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quantity is referred to as the isoconcentration velocity.  It obeys the
equation

   

∂cf2
∂t

 + v c
∂cf2

∂x
 =  0 (7.33)

which states that the convective derivative of the concentration with
respect to vc is constant.

In a one-dimensional core experiment, the breakthrough curve may
be viewed as the time it takes for a certain concentration to reach the
end of the core.  If the breakthrough time is tc and the length of the
core is L, then

    L = vc dt
0

tc

 (7.34)

This relationship suggests that one may also view the breakthrough
curve as an image of the accumulation of the isoconcentration
velocity.  From this perspective, it is possible that many different
kinematics produce the same breakthrough curve, i.e. knowledge of
tc versus concentration does not permit one to determine vc uniquely.
So to characterize the flow properly, one has to measure the
isoconcentration velocity during the course of the experiment.

Let us now examine the kinematics that arises from the two theories
that are employed to model miscible displacement.  In the case of
standard miscible displacement, the well-known solution of equation
(7.27) for the concentration in a one dimensional core displacement is
given by (Fried and Combarnous, 1971; Bear, 1988)

cf2(x,t)  =  1
2

 erfc( 1
2

 x - u t
2 DL t

)

= P( u t - x
2 DL t

) (7.35)

where DL is the longitudinal dispersion coefficient.  Here P(x) is the
normal probability distribution function.  It is well known that the
breakthrough curve for this solution has a symmetric S shape.  This
solution tells us that the position for a given concentration is

 x = u t - P-1(cf2) 2 DL t (7.36)
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Therefore, the isoconcentration velocity is given by

 vc = u - P-1(cf2) DL

2 t
 (7.37)

This solution tells us that the leading edge of the displacement (cf2 <
0.5) slows down as time increases.  On the other hand, the trailing
edge speeds up as time increases.

The width of the mixing zone, defined as the distance from cf2 = 0.84
to cf2 = 0.16 (so that P-1(cf2) takes on the value 1 and -1 respectively),
is given by

w(t) = 2 2 DL t (7.38)

This is the well known "square root law" for the length of the mixing
zone.  Now defining the rate of dispersion as the rate of change of the
width of the mixing zone, then for this situation one obtains

  
dw(t)

d t
 = 2 DL

t
(7.39)

Although this rate is positive for all times, the dispersion decelerates
in time since

d2w(t)

d t2
 = - DL

2 t3/2
(7.40)

This result is consistent with the dynamics being an analogue of
Fick's law.  Molecular diffusion is a thermodynamic process that
arises from a lack of equilibrium between chemical potentials.  The
evolution of such a system "relaxes" to equilibrium; the rate of
evolution slows down in time.  Thus any analogy based upon this
process should display the same behaviour.

Now consider the kinematics that result from the application of the
immiscible equations of flow.  A comparison of equations (7.31) and
(7.33) permits one to identify the isoconcentration velocity as

 vc = vq(S1)  u (7.41)
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This velocity field depends only on the saturation and has no explicit
time dependence; thus a given saturation value moves with constant
speed.  In a one-dimensional core experiment, the position of a given
saturation is

 x = vq(S1)  u t (7.42)

Therefore the width of the mixing zone is

w(t) = ( vq(0.84) - vq(0.16) ) u t (7.43)

which increase linearly with time.  The rate of dispersion is

dw
dt

 = ( vq(0.84) - vq(0.16) ) u (7.44)

which is constant in time; the acceleration of the dispersion is zero.
This type of velocity field differs dramatically from that of the
standard miscible theory, especially in the nature of the dispersion.
Therefore one should expect to see this difference in the field and in
the lab.

Dispersion in miscible displacement arises because different
concentrations move with different velocities.  This is because the
isoconcentration velocity is a monotonically decreasing function of
concentration.  Because standard miscible theory is currently
considered the "correct" theory, specifying the dispersion coefficient
is believed to summarize dispersion.

The standard miscible theory results can be used to calculate the
longitudinal dispersion coefficient in the following way.  Denoting
the breakthrough times for the concentration values 0.16 and 0.84 by
t0.16 and t0.84 then the longitudinal dispersion coefficient may be
found by

DL = 1
8

 L - u t0.16

t0.16
  -  L - u t0.84

t0.84

2
(7.45)

Note that this formula is only valid if the kinematics that produces
the breakthrough curve is those given by equation (7.37).  For any
other type of kinematics this formula isn't valid; furthermore, if it is
naively applied in such a case, then the dispersion coefficient will
appear to be scale dependent.
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The application of equation (7.45) to the kinematics produced by the
immiscible theory produces an illuminating result.  When one uses
equation (7.42) in equation (7.45) the dispersion coefficient becomes

DL = DL
0 L u (7.46)

DL
0 = 1

8
v(0.16) - v(0.84) 2 (7.47)

v(S1) = vq(S1) - 1/ vq(S1) (7.48)

When the length of the core is kept fixed, then equation (7.46) yields
a longitudinal dispersion that varies with the flow velocity, and this is
a well-known result for the high flow regime.  On the other hand, if
one keeps the flow velocity fixed and varies the length of the core,
then the dispersion coefficient varies linearly with the length of the
flow system.

There is abundant evidence that dispersion coefficients vary with the
length scale of the flow system.  For example, Stalkup (1970) and
Baker (1977) noted that the dead end pore model in long cores
resembles the standard theory's error function solution with a much
larger dispersion coefficient.  A similar point by Pickens and Grisak
(1981) is that the dispersion coefficients that arise in computer
models of existing ground water contamination zones are much larger
than those obtained from laboratory breakthrough experiments.
Moreover, Yellig and Baker (1981), Bretz and Orr (1987) and Han et
al. (1985) have noted that measured dispersion coefficients increase
with the length scale of a miscible displacement.  Finally, Arya et al.
(1988) examine the length dependence of the megascopic
dispersivity, α, defined by (using the present notation)

α = 
η DL

u  (7.49)

which becomes, using equation (7.46),

α = η DL
0 L (7.50)

In an examination of the data of Lallemand-Barrès and Peaudecerf
(1978) and Pickens and Grisak (1981), they noted a trend for α to
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increase with increasing length.  Their log-log fit to the field data
produces

α = 0.229 L0.775  (7.51)

and for all the data they obtain

α = 0.044 L1.13 (7.52)

These results are consistent with equation (7.50) but are not
conclusive because of the large scatter in the data.  Strictly speaking,
equation (7.50) is only valid for a single type of porous medium; the
term η DL

0 will be different for various types of porous media.  When
the results for disparate types of porous media are plotted together, a
large amount of scatter would be expected to arise and thereby
obscure the length dependence of α.

The evidence presented above suggests that the actual kinematics of
the displacement in core experiments deviates substantially from
those of the standard miscible theory.  This is also observed in the
asymmetry and long tailing of breakthrough curves.  The model of
Coats and Smith (1964) is a variation of the standard miscible theory
that was proposed to account for these features in breakthrough
curves. This model is used extensively to analyze breakthrough
curves.  However, the analysis is computationally expensive.
Furthermore, Yellig and Baker (1981) have shown that different sets
of model parameters can describe the same breakthrough curve.
Thus the model does not provide unique results.  Consequently, this
model is of limited utility.

An intermediate regime exists where the limiting form of miscible
and immiscible flow theory serve equally well to describe the flow.
This intermediate regime consists of the limiting case of miscible
flow with negligible molecular diffusion, and immiscible flow with
zero interfacial tension.  Throughout the displacement, the two fluids
remain distinct and occupy their own volume but, because the fluids
are miscible, the interface between the two fluids has zero surface
tension.  This scenario looks exactly like an immiscible displacement
with zero interfacial tension.  The displacement process should be
described equally well by the miscible flow equations and the
immiscible flow equations.  In fact, the two sets of equations should
be identical.  Hopefully, any discrepancy between the two sets of
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equations will provide some further insight into the physics of
miscible flow.

Another reason for using the immiscible theory is its utility in the
analysis of dispersion and viscous fingering.  Viscous fingering plays
a major role if the rate of finger growth is much larger than the rate of
dispersion.  Viscous fingering plays a minor role if the rate of
dispersion is much larger than the rate of finger growth.  An
understanding of both phenomena and their interaction is of
paramount importance in determining the behaviour of both miscible
and immiscible displacements in reservoir situations.

Analyses of the growth or decay of viscous fingers are usually based
upon a linear perturbation of a plane front that is a one-dimensional
equilibrium solution to the equations that govern the flow.  The
object of the stability analysis is then to determine if this is a stable or
an unstable equilibrium configuration. In immiscible displacements
the effect of capillarity on dispersion makes this type of analysis
quite complicated in general; in the limit of zero interfacial tension
(miscible displacements) the analysis is slightly less difficult (e.g.,
Cyr et al., 1988).  In the convection-diffusion theory of miscible
flow, dispersion is incorporated explicitly into the miscible flow
equations through the dispersion tensor D that appears in the
concentration equation.  In the analysis of frontal displacement, this
description produces a time dependent base state, and the analysis of
the fingering is critically dependent upon the specification of this
base state (e.g., Tan and Homsey, 1986).

iv A Solution of the Dynamical Equations

Upon assuming P1=P2 Udey and Spanos (1993) showed that the flow
equations may be written in the form

q1 = - 
S1 A(S1) K

µ1
 ∇ P + 

S1 A(S1) K
µ1

 ρg (7.53)

q2 = -K(
S2 A(S1)

µ1
 + 

B(S1)
µ2

) ∇ P+K(
S2 A(S1)

µ1
 ρ + 

B(S1)
µ2

 ρ2) g (7.54)

In Chapter VI, however, it was shown that this result restricts the
description to quasi-static flow with small saturation gradients.  In
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this section the assumption P1≈P2 will be considered in order to
determine the effect that the generalized flow equations (7.53), (7.54)
have on miscible flow.  As seen in the previous chapter these two
equations alone do not completely specify Newton’s second law
since they do not account for changes in proportions of the phases
within a volume element.  Thus in order to account for dispersion the
additional dynamic equation (6.95) will be added to the analysis in
the next section.

Defining two relative permeability functions by

Kr1 = S1 A(S1) (7.55)

Kr2 = 
µ2
µ1

 S2 A(S1) + B(S1) (7.56)

then A(S1) and B(S1) can be expressed as

A(S1) = Kr1
S1

 (7.57)

B(S1) = Kr2 - 
µ2
µ1

 S2
S1

 Kr1 (7.58)

Substituting these expressions into equations (7.53) and (7.54) one
obtains

q1= - 
K Kr1(S1)

µ1
 ∇ P + ( K Kr1

µ1
 S1ρ1 + K Kr1

µ1
 S2ρ2) g (7.59)

q2 = - K Kr2
µ2

 ∇ P + ( KKr1
µ1

 S2 ρ1 + (K Kr2
µ2

 - K Kr1
µ1

 S2) ρ2) g (7.60)

It is interesting to note that in the absence of gravity, g = 0, these
equations reduce to Muskat's equations, namely

q1 = - K Kr1
µ1

 ∇ P (7.61)

q2 = - K Kr2
µ2

 ∇ P (7.62)
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The total Darcy velocity that is defined by equation (7.16) is now
given by

q = - K(Kr1
µ1

 + Kr2
µ2

) ∇ P + K( Kr1
µ1

 ρ1 + Kr2
µ2

 ρ2) g (7.63)

This equation may be cast into the form of Darcy's equation, namely
q = - K

µ(S1)
 (∇ P - ρq g) (7.64)

provided the effective viscosity of the two fluids µ(S1) is defined by

1
µ(S1)

 = 
Kr1(S1)

µ1
 + 

Kr2(S1)
µ2 (7.65)

and a flow density ρq is defined by

ρq = µ(S1) (
Kr1(S1)

µ1
 ρ1 + 

Kr2(S1)
µ2

 ρ2) (7.66)

Observe that equation (7.64) may be rewritten via equations (7.55)
and (7.56) as

1
µ(S1)

 = 
A(S1)

µ1
 + 

B(S1)
µ2 (7.67)

Similarly, equation (7.66) becomes

ρq = µ(S1) (
A(S1)

µ1
 ρ + 

B(S1)
µ2

 ρ2) (7.68)

The construction of the total effective viscosity of the fluid may be
viewed either as a sum of the contributions of two relative
permeability functions, equation (7.65), or it may be viewed as a
weighted average of the viscosities of the fluid components, equation
(7.67).  These two views are equivalent.  The flow density ρq is a
weighted average of the densities of the fluid components and serves
to define an effective gravitational force contribution, ρqg, to the total
flow.  Note that when the densities are the same, i.e., ρ = ρ1 = ρ2

then one obtains ρg = ρ.
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Equation (7.64) permits one to express the pressure gradient in terms
of the Darcy velocity and the acceleration of gravity:

∇ P = - 
µ(S1)

K
 q + ρq g (7.69)

When this result is substituted into equations (7.59) and (7.60) they
yield

q1 = f1(S1) q + f1(S1) K
µ(S1)

 (ρ - ρq) g (7.70)

q2 = (1 - f1(S1)) q - f1(S1) K
µ(S1)

 (ρ - ρq) g (7.71)

where f1(S1) is defined by

f1(S1) = S1 A(S1) 
µ(S1)

µ1
 (7.72)

The gravity term in equations (7.70) and (7.71) will be zero either
when gravity is zero, g = 0, or when the densities are the same, i.e.,
ρg = ρ.  In that case, the term f1(S1) is the fractional flow.  An
alternative expression for the fractional flow is

f1 = 1

1 + 
µ1
µ2

 Kr2
Kr1

(7.73)

This form for f1 is often the starting point for discussions of miscible
flow using the limiting form of the immiscible equations, e.g., Koval
(1963), Dougherty (1963), and Jankovic (1986).

In order to examine the limiting behaviour of the above solution for
the component flows as S1 -> 0 and S1 -> 1, one must first specify
the limiting behaviour of A(S1) and B(S1).  Spanos et al. (1988)
provided the original definition of A(S1).  They argue that the
limiting forms for A(S1) are given by

A(S1) = 0 , S1 = 0 
1 , S1 = 1   (7.74)
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To obtain the limiting forms of B(S1), let us consider the case when
the viscosities of the component fluids are the same.  Then the total
viscosity must have the same value as the component fluid viscosity
and be a constant.  Thus equation (7.61) tells us that

A(S1) + B(S1) = 1  , µ1 = µ2 (7.75)

This limiting form and equation (7.74) now imply that

B(S1) = 1 , S1 = 0 
0 , S1 = 1 (7.76)

These limiting forms suggest that one may plausibly assume that
A(S1) and B(S1) lie between 0 and 1 for intermediate values of S1.

In the limit as S1 -> 1 one obtains

ρ = ρ1 , µ = µ1 , ρq = ρ1 , f1 = 1 (7.77)

so that the component Darcy velocities are given by

q1 = q , q2 = 0 (7.78)

and Darcy's law now becomes

q1 = - Kµ1
 (∇ P - ρ1 g) (7.79)

Therefore the single phase flow equations for fluid 1 is recovered.  In
the other limit, S1 -> 0, one obtains

ρ = ρ2 , µ = µ2 , ρq = ρ2 , f1 = 0 (7.80)

The Darcy velocities are given by

q1 = 0 , q2 = q (7.81)
and Darcy's law is
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q2 = - Kµ2
 (∇ P - ρ2 g) 

(7.82)

In this case one obtains the single-phase flow equations for fluid 2.
Thus this solution reduces to the well-known solutions for single-
phase flow in the extreme limits of saturation.
Now combine this solution for the Darcy velocities, equations (7.70)
and (7.71), and the equations of continuity, equations (7.18).  In order
to examine what this combination tells us about the flow consider
equation (7.18) for fluid 1 (i = 1). Substituting the solution for q1 into
this equation one obtains the same result as was obtained in Chapter
VI.

∂S1

∂t
 + uS⋅∇S1 =  0 (7.83)

where uS is the isosaturation velocity defined by

uS = vq(S1)  u + vg(S1) g (7.84)

vq(S1) = d f1
dS1

 (7.85)

vg(S1) = Kη  d    
dS1

 (f1
µ  (ρ - ρq)) (7.86)

The left hand side of equation (7.83) is the material derivative of the
saturation S1.  Hence equation (7.83) may be written as

d S1
d t   

 = 0 
(7.87)

which is again the equation describing the motion of a surface of
constant saturation.  Since uS is the velocity of a surface of constant
saturation, this justifies calling it the isosaturation velocity.  It is
evident from equations (7.83) to (7.86) that the isosaturation velocity
depends solely upon the Darcy velocity q, the acceleration of gravity
g and the saturation S1 through the functions vq(S1) and vg(S1); there
is no explicit time dependence.
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Substituting the solution for q2 into equation (7.18) for fluid 2 (i=2)
and replacing S2 by (1-S1) one obtains equation (7.83).  Thus the
equations (7.18) for each fluid give the same result.

Now consider the equation of continuity.  Equation (7.9) expresses
the density solely as a function of saturation.  Therefore the time
derivative of density may be rewritten as

∂ρ
∂t

 = 
dρ 

dS1
 
∂S1

∂t
 = (ρ1 - ρ2)

∂S1

∂t
 (7.88)

Substituting equations (7.70) and (7.71) into the definition of the
fluid velocity, equation (7.23), one obtains

v = 
ρ2 + f1(ρ1 - ρ2)

ρ  u + f1 
ρ1 - ρ2

η ρ  Kµ  (ρ - ρq) g (7.89)

where the explicit dependence upon the saturation has been
suppressed.  This expression for the fluid velocity permits us to
compute the divergence of the mass flux:

∇⋅(ρ v) = (ρ1 - ρ2) uS ⋅∇S1 (7.90)

Hence the equation of continuity becomes

(ρ1 - ρ2)(
∂S1

∂t
 +  uS ⋅∇S1) = 0 (7.91)

which leads to equation (7.83) when the component densities are
different and is trivially satisfied when the densities are the same.

v Dispersion

As a miscible flow progresses, equation (7.83) implies that, in
general, the flow is experiencing dispersion.  Furthermore when
frontal displacement occurs, physical consistency requires that a
dynamic pressure difference exist between the phases.  Here the
nature of this dispersion will be examined and compared to the
theoretical predictions of the convection-diffusion theory and with
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experiment.  For the remainder of this discussion it will be assumed
that gravity is negligible, g = 0.  Note that the equations describing
miscible flow in one dimension become

∂p1 - p2

∂x
 = (Q11+Q 21+Q 22+Q 12)q1 - (Q22+Q 12)

(7.92)

+ ρ1 
∂v1

∂t
 - ρ2 

∂v2

∂t

∂p1 - p2

∂x
  = - β' 

∂2S1

∂t2
(7.93)

∂S1

∂t
 + us 

∂S1

∂x
 = 0 (7.94)

in the frontal region.

A simple change of variable using the chain rule allows us to write
equation (7.94) as

∂cf2

∂t
 + us 

∂cf2

∂x
 = 0 (7.95)

One may refer to us as the isoconcentration velocity.  It may also be
thought of as referring to a saturation profile, a saturation
distribution, or a displacement front.  There are three equivalent ways
of viewing the flow.  The saturation may be described at a given
position as a function of time, S1 = S1(x,t); it may also be described
by specifying the saturation for a given time and finding where in
space the saturation is, x = x(S1,t); or one may find the time for a
given position to have a specified saturation, t = t(S1,x).  Observe that

∂ 
∂t

x(S1,t) = uS(S1,t) (7.96)

Consider two saturation values, SL and SH  (low and high) where SH
> SL.  A large value of saturation, S1, corresponds to a small value of
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concentration, cf2.  As in Chapter VI one may define the distance
between these two saturations by

w(SL,SH,t) = x(SH,t) - x(SL,t)  > 0 (7.97)

This may be called the width of the displacement front.  The overall
width of the front, or, as it is often called, the length of the mixing
zone, is defined by specifying a pair of values for SL and SH.  Fried
and Combarnous (1971) specify the pair (SH = 0.84,SL = 0.16) that is
most appropriate for the error function solution of the convection-
diffusion theory.  Another frequently used pair is (0.9,0.1) (e.g.,
Brigham, 1974).

In laboratory experiments on miscible flows, it is observed that the
distance between different saturation values always increases, i.e.,
dispersion, and this is expressed mathematically as

∂ 
∂t

w(SL,SH,t) > 0 , ∀(SL,SH), SL < SH (7.98)

This condition prohibits the Buckley-Leverett paradox from
occurring.

In Chapter VI the dispersion of immiscible flows was classified into
three categories according to the second time derivative of the width:

∂2 

∂t2
w(SL,SH,t) 

< 0  dispersion decelerates
= 0  dispersion is constant 
> 0  dispersion accelerates

 (7.99)

Arya et al. (1988) also classify dispersion in three ways according to
the time behaviour of the width; however, two of their classes fall
into our constant dispersion class, and their third is the same as our
decelerating dispersion class.  Here the classification equation (7.99)
is used to compare and contrast the conventional convection-
diffusion theory with the results of this chapter.

Now examine the nature of the dispersion in the present theory.
Equations (7.95) and (7.96) yield
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∂ 
∂t

w(SL,SH,t) = uS(SH,t) -  uS(SL,t) 
(7.100)

which now implies, from equation (7.97), that

uS(SL,t) <  uS(SH,t) ,  ∀(SL,SH), SL < SH (7.101)
Thus the isosaturation speed must be a monotonically increasing
function of saturation.  In the analysis of Udey and Spanos (1993) the
isosaturation speed had no explicit dependence upon time; the time
derivative of equation (7.100) gave them

∂2 

∂t2
w(SL,SH,t) = 

∂ 
∂t

uS(SH) -  
∂ 
∂t

uS(SL) = 0 (7.102)

and they observed that the dispersion is constant.  This type of
dispersion, arising from a constant isosaturation velocity term, is
called flux induced dispersion (Arya et al., 1988).  The effect of the
megascopic dynamic capillary pressure equation is to allow for a
variable dispersion rate.

The analysis above shows that equation (7.83) or (7.95) will describe
dispersion in the three dimensional case provided the isosaturation
speed is a monotonically increasing function of saturation.  Equation
(7.83) also implies that a three-dimensional flow experiences lateral
dispersion in addition to longitudinal dispersion.  The actual motion
of an isosaturation front is along the saturation gradient with an
apparent speed given by the dot product between the saturation
gradient and the Darcy velocity.  This motion may be thought of as
having a component along the Darcy velocity (longitudinal
dispersion) and a component perpendicular to the Darcy velocity
(lateral dispersion).

Equations (7.83) and  (7.95) produce longitudinal and lateral
dispersion in the following manner.  In equation (7.19) for c2 one
may write

c2v2 = ρ2
q2
η  = c2v + j2 (7.103)

so that equation (7.19) for c2 becomes
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∂c2

∂t
 + ∇⋅(c2v) + ∇⋅(j2) =  0 (7.104)

The definition of the fractional concentration and the equation of
continuity yield

∂c2

∂t
 + ∇⋅(c2v) = ρ(

∂cf2

∂t
 + v⋅∇cf2) (7.105)

When this expression is employed in equation (7.104) one obtains

∂cf2

∂t
 + v ⋅ ∇cf2 = - 1ρ ∇⋅ j2 (7.106)

A comparison of this result with equation (7.95) shows that

1
ρ ∇⋅ j2 = - v⋅∇cf2 + uS⋅∇ cf2 (7.107)

Equation (7.107) may be viewed as the definition for a deviation

mass flux j2.  This flux may be written, using equations (7.71) and
(7.89) with zero gravity, as

j2 =  F(cf2) u (7.108)

where F(cf2) is given by

F(cf2) =  ρ2(1- cf2) - (ρ2  + (ρ1 - ρ2)cf2)f1 (7.109)

Equation (7.108) also leads to the result expressed by equation
(7.107).

One may define an apparent mechanical dispersion tensor, Dm, by
writing

j2 = - ρ Dm ⋅  ∇ cf2 (7.110)

in analogy with Fick's law (Fried and Combarnous, 1971).  Equation
(7.107) now becomes
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v⋅∇cf2 - 1ρ ∇⋅(ρ Dm ⋅ ∇ cf2) =   uS⋅∇ cf2 (7.111)

and equation (7.106) now looks like the standard convection-
diffusion equation, namely

∂cf2

∂t
 + v ⋅ ∇cf2 = 1ρ ∇⋅( ρ Dm ⋅ ∇ cf2) (7.112)

It is important to realize that, unlike the dispersion tensor in the
convection-diffusion theory, this apparent dispersion is not a
constant.  It varies in value from point to point in the flow.  This is
evident by comparing equations (7.110) and (7.108); this leads to the
relationship

ρ Dm ⋅ ∇ cf2 = - F(cf2) u (7.113)

A formal solution to (7.113) for Dm is

Dm = - 
F1(cf2)

ρ
 u ⊗ 

∇ cf2

∇ cf2

2 (7.114)

where ⊗ is the outer product operator.  This expression shows the
explicit dependence of the apparent dispersion tensor upon the
concentration, the concentration gradient, and the flow rate.  This
construction of an apparent mechanical dispersion tensor illustrates
that the present equations describe longitudinal and lateral dispersion.

vi Summary

The equations of two-phase miscible flow with negligible molecular
diffusion have been derived from the equations of two-phase
immiscible flow in the limit of zero interfacial tension.  A solution to
these equations is obtained and is shown to give rise to three-
dimensional dispersion.  The dispersion can be decomposed into
longitudinal and transverse components with respect to the Darcy
velocity.

The dispersion that arises from our solution permits us to predict
several features that arise in miscible displacement experiments.  It is
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predicted that laboratory breakthrough curves should display
systematic deviations from the expected breakthrough curves
predicted by the convection diffusion theory; these deviations are
early breakthrough and long tailing in the breakthrough curve. In slim
tubes and cores, it is predicted that the longitudinal dispersion
coefficient should be proportional to the average fluid velocity and
the length of the tube or core; this second feature shows that the
dispersion coefficient is scale dependent.  All of these features have
been observed.

The standard laboratory experiments that only measure the effluent
concentration emitted from a slim tube or core during a miscible
displacement are inadequate.  They do not provide all the information
one needs to characterize a miscible flow.  Future experiments should
monitor, throughout a slim tube or core, the evolution of pressure,
average fluid velocity, and the kinematics of the surfaces of constant
saturation.  An understanding of the time development of the
isosaturation velocity is vital in classifying the type of dispersion the
flow is experiencing; and furthermore this information is important in
untangling the relative contribution to the flow of mechanical
dispersion and molecular diffusion.
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Chapter VIII

Porosity-Pressure Propagation

i The Objectives of this Chapter

In this chapter an introduction to porosity pressure coupling is
presented.  This is a process that is predicted by the theory presented
in this text.  After being predicted theoretically it was quantified
experimentally and has been applied commercially to groundwater
remediation, waste disposal and oil field technologies including
enhanced oil recovery.  Here the physical foundations of this process
are discussed and the physical description of porosity pressure
coupling is presented in detail.

Note that when temperature is introduced to the description of a
mechanical process, one obtains a coupling between temperature and
deformation through thermal expansion.  This coupling causes the
propagation of a process that is called second sound in mechanics.
When porosity is introduced as a dynamic variable in a porous
medium one obtains a coupling between porosity and pressure
through fluid flow and elastic deformations of the matrix.  The
thermomechanical and thermodynamic descriptions of porous media
constructed in Chapters II and III describe this coupling.  These
equations predict a dynamic interaction between porosity and
pressure which gives rise to the propagation of four-coupled porosity
pressure processes.  Two of these processes are the seismic p-waves
discussed in Chapter V.  The third of these processes (fluid motions
causing an increase in porosity and pressure) propagates very near
the incompressible limit of fluid motions (~100m/s in water saturated
sands) and the fourth diffuses quasi-statically as a porosity pressure
diffusion process.

ii Megascopic Equations for Porosity-Pressure Propagation
and Diffusion

Just as it was possible to obtain separate equations of motion for the
various seismic waves and slow multiphase flow processes, which
propagate through porous media, one may construct the equations of
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motion for another process which propagates near the incompressible
limit of fluid motions. (A similar analysis of the incompressible limit
of coupled motions of a fluid and free boundary yields the description
of a tsunami.) The criteria for a fluid to behave in an incompressible
fashion are (Landau and Lifshitz, 1975):

(i) The velocity of the fluid is small compared to the velocity of
sound in the fluid v << c

(ii) The time over which the fluid undergoes significant changes is
large compared to the distance over which those changes occur
divided by the speed of sound t >> L/c

When both of these criteria are met the fluid is able to avoid
compression through flow and thus can be regarded as
incompressible.  In the present case of a porous medium the solid is
unable to flow but may still deform elastically.  (Here it should be
kept in mind that the previous constraints are applied, within the
context of the equations of motion presented here, to megascopically
averaged quantities).  As a result one obtains approximately
incompressible motions of the fluid coupled to elastic deformations
of the solid.  This process propagates at a very specific speed just as
in the case of the tsunami that depends on scale of the pulse.   These
motions couple to yield a region of increased porosity and increased
fluid pressure.   The nature of this process is very much different than
seismic wave propagation or ordinary fluid flow as will be seen when
the equations of motion are obtained.

We may write the pressure equation for the fluid in the form

∂

∂t
 η + ηo∇⋅ v f  = - 

ηo

Kf
 
∂

∂t
pf (8.1)

This equation along with the porosity equation

∂η

∂t
 = δs∇•v s - δf∇•v f (8.2)

and the equations of motion for the fluid and the solid
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 ρf 
∂
∂t

vf = -∇pf + [µf∇2vf +( ξf +  1 3 µf)∇(∇•vf)] 

 + 
ξf

ηo
∇ 

∂η

∂t
 + 

(1-ηo)
ηo

 µf(
µM

(1-ηo)µs
 - 1)[∇

2∂us

∂t
 + 1 3∇(∇•

∂us

∂t
)]

(8.3)

 - 
µfη0 

K
 (v f -vs)

ρs
∂

2

∂t
2
us + 

ρ12

(1 - ηo)
∂
∂t

(v f-vs) = Ks∇(∇•us) - 
Ks

1-ηo
∇η

(8.4)

+ 
µfη0

2 
K (1 - ηo)

(v f-vs)+ 
µM

(1-ηo)
[∇

2
us + 1 3∇(∇•us)]

yield a complete description of the coupled fluid solid motion under
the above conditions.

Taking the divergence of the equations of motion (8.3), (8.4) and
substituting equations (8.1) and (8.2) into the resulting equations
yields

   

ρηf 

ηo
 

∂2η

∂t2
 + 2aηf 

∂η
∂t

 -2bηf∇
2∂η

∂t
 = 

(8.5)

- 
ρpf 

Kf
 

∂2pf

∂t2
 + 2apf 

∂pf

∂t
 -2bpf∇

2∂pf

∂t
 -vpf

2 ∇
2
pf

   

α1ρηs

ηo
 

∂2η

∂t2
 + 2aηs 

∂η
∂t

 -vηs
2 ∇

2
η  =

(8.6)

α2ρps 

Kf
 

∂2pf

∂t2
 +  2aps 

∂pf

∂t
  -vps2 ∇2pf  
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where

σM =  +  (1-ηo) µf(
µM

(1-ηo)µs
 - 1) (8.7)

α1 = 
ηo- δf

δs

(8.8)

α2  = δf

δs
(8.9)

ρηf =  ρf-ρ12(α1+1) (8.10)

ρpf =  ρf-
ρ12

ηo
(α2-1) (8.11)

aηf =  1
2

 
µf

K
 
ηo(α1+1)

ρηf
(8.12)

bηf = 2
3

 
µf-

σM
ηo

 α1

ρηf

(8.13)

apf =  1
2

 
µf

K
 
ηo(α2-1)

ρpf
 (8.14)

bpf = 1
2ρηf

 ξf+4 
3

 µf-
σM
ηo

 α2 (8.15)

vpf
2 = Kf

ρpf
(8.16)

ρηs=  ρs-
ρ12

α1

(α1+1)
(1-ηo)

(8.17)
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ρps =  ρs-
ρ12

α2

(α2-1)
(1-ηo)

(8.18)

Kη = 1-
ηo

(1-ηo)α1
 Ks + 4

3
 

µM

(1-ηo)
(8.19)

KM=Ks+4
3

 
µM

(1-ηo)
(8.20)

aηs =  1
2

 
µf

K
 

ηo
2(α1+1)

ρηsα1(1-ηo)
(8.21)

vηs
2 = 

Kη

ρηs
(8.22)

aps =  1
2

 
µf

K
 

ηo(α2-1)
ρpsα2(1-ηo)

 (8.23)

vps 2 =  KM
ρps

(8.24)

Here δf< ηo and thus both  α1 and α2  are positive constants.
Equations (8.5) and (8.6) form a pair of coupled equations for
dilational motions associated with coupled porosity and pressure
changes.  These equations may be solved as an eigenvalue problem
yielding four solutions:

A sound wave in which the solid and fluid experience compressions
that are almost in phase.  (This process propagates at a speed less
than the p wave velocity in the solid and greater than the p wave
velocity in the fluid.  For long wavelengths this process experiences
very little attenuation.)

A sound wave in which the solid and fluid experience compressions
that are almost out of phase (This process propagates at a speed less
than the p wave velocity in the fluid.  Due to viscous dissipation
resulting from the relative motions this process has a very high
attenuation.)
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Note the two processes mentioned above are simply the p waves
discussed in Chapter V.  In that chapter only two waves were
observed because only the compressional motions were extracted
from the equations of motion.  In the present chapter all dilational
motions associated with dynamic porosity and pressure changes are
allowed.  As a result two additional solutions are observed:

Fluid flow coupled to elastic deformations of the matrix. (Here at
close to the incompressible limit of fluid motions an increase (or a
decrease) in porosity and pressure propagates through the matrix.  A
typical speed of this process for water and a stressed silica matrix
would be about 100 m/s.)

Porosity diffusion (If a change in pressure and porosity is introduced
into a porous medium then the pressure will equalize through a
diffusion process.  This process is described in the next section.)

These last two processes are strongly coupled.  As successive
porosity pressure waves are introduced into a porous medium.  The
waves are observed to damp out with distance leaving behind an
increase in pressure that is reduced back to the equilibrium value
through diffusion.

iii Porosity Diffusion

In the diffusion limit the inertial terms and bulk attenuation terms are
assumed small yielding

ρηf 

ηo
  2aηf 

∂η
∂t

 = - 
ρpf 

Kf
  2apf 

∂pf

∂t
  -vpf

2 ∇
2
pf (8.25)

α1ρηM

ηo
  2aηM 

∂η
∂t

 -vηM
2 ∇

2
η  = 

α2ρpM

Kf
 2apM 

∂pf

∂t
 (8.26)

where

ρηM = ρηs + ρηf 
α2KM
α1Kf

(8.27)
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ρpM = ρps - ρpf 
KM
Kf

(8.28)

aηM = 
ρηs

ρηM
 aηs + 

ρηf

ρηM
 α2KM
α1Kf

 aηf (8.29)

vηM
2 =  

Kη

ρηM
(8.30)

apM = 
ρps

ρpM
 aps - 

ρpf

ρpM
 KM
Kf

 apf (8.31)

Introducing a source term (c.f. Geilikman et. al., 1993) into the
equation of motion for the solid (equation 8.26) yields

∂η
∂t

 - Ds∇
2
η = - c Mik

∂
2
δ  r

∂ri∂rk
 θ  t  + B

∂pf

∂t
(8.32)

and the equation of motion for the fluid may be written as

∂pf

∂t
 - Df∇

2
pf = C

∂η

∂t
(8.33)

where

Ds= 
vηM

2

2aηM
(8.34)

B= 2
α2ρpMηoapM

α1ρηMKf
(8.35)

Df= 
vpf

2

2apf
(8.36)
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C= 
ρηfKfaηf

ηoρpfapf
(8.37)

c=
ηo

2α1ρηMaηM
(8.38)

Here δ(r) is the Dirac delta function and θ(t) is the step function.
The seismic moment tensor has the following general form (Kostrov
and Das, 1988):

Mik = (Ks - 23
 µM) δik  dS'

S 

 

 b i(r') ni (r')
(8.39)

+ µM dS'
S 

 

 bi (r') nk(r') + bk(r') ni(r')

where ni  is the normal to the plane of the fault, bi is the fracture
displacement vector, and the integration extends over the area of the
source S.

The current source term, Mik, assumes that the source may be placed
in the solid equation.  Equivalently a source may have been placed in
the fluid.  In general however if a source is applied to the boundary of
a porous medium then the boundary conditions given by equations
(5.47, 5.48, 5.49, 5.50) require that it act on both the fluid and solid.
Thus it would appear that for dynamic situations the source term
must appear in both the fluid and solid equations.

Note that these equations define a characteristic time scale

t = 1
2aηM

(8.40)

and a characteristic length scale

L = vηMt (8.41)
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If observable megascopic solid flow is allowed (associated with grain
slippage or microfracturing) then an additional term of the form
νM { ∂k vi

 s  + ∂i vk
 s  - 2

3
 δik∂j v j

 s }  must be added to the right hand

side of equation (8.4).  (It should be noted that this is only one of the
changes to the basic equations which would occur as a result of
irreversible solid motions.)  This additional term then introduces a

term in the porosity
 
diffusion equation of the form C∇

2∂η
∂t

  that

yields a propagating source term.

iv Porosity-pressure wave propagation

Consider a homogeneous plane wave propagating through a porous
medium due to the coupled variations of the porosity and pressure
(equivalently the coupled motions of the fluid and solid).  The
motions of this plane wave may be quantified as follows:

Ωη= |Ωoη| eiφη ei(krx-ωt)e-kix (8.42)

Ωp= |Ωop| eiφp ei(krx-ωt)e-kix (8.43)

Here ki- attenuation,  ω
kr

 - phase velocity,  
∂ω

∂kr

 - group velocity,

 |Ωoη|

 |Ωop|
 - relative magnitude and (φη -φp) - phase angle .

Upon substituting equations (8.41) and (8.42) into the equations of
motion (8.5) and (8.6) one obtains the following two algebraic
equations

   

ρηf

ηo
 ω2+2aηfω+2bηfk2ω  eiφη=

(8.44)

-
ρpf

Kf
 ω2-2apfω+2bfk2ω+ vpf

2 k2  eiφp



200 Porosity-Pressure Propagation

   

ρηs

ηo
 ω2+2aηsω+vηs

2 k2  eiφη=
(8.45)

ρps

Kf
 ω2-2apsω+vps2 k2  eiφp

These two equations may now be rewritten in the form

a1ω2+b1ω+c1=0 (8.46)

a2ω2+b2ω+c2=0 (8.47)

where

a1= 
ρηf

ηo
 eiφη+

ρpf

Kf
 eiφp (8.48)

b1= 
ρηf

ηo
 (2aηf+2bηfk2) eiφη-

ρpf

Kf
 (2apf- 2bpfk2) eiφp (8.49)

c1=
ρpf

Kf
 vpf

2 k2eiφp (8.50)

a2= 
ρηs

ηo
 eiφη+

ρps

Kf
 eiφp (8.51)

b2= 
ρηs

ηo
2aηs eiφη-

ρps

Kf
 2aps eiφp (8.52)

c2= 
ρηs

ηo
vηs

2 k2 eiφη-
ρps

Kf
 vps2 k2 eiφp (8.53)

Equations (8.46) and (8.47) yield four solutions for ω as described in
section ii.  It is important to note that solutions may be under
damped, critically damped or over damped depending on the values
of the physical parameters that describe the medium.  The under
damped solutions yield wave equations and the critically damped
solutions describe diffusion processes.
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v Summary

Physical theory supplies insight into coupled porosity pressure waves
and an understanding of the dynamics.  What has been presented here
is only a most basic introduction.  Numerical solutions allow for
detailed predictions of these waves.

Porosity pressure coupling has also been quantified experimentally
(Davidson et al., 1999, Zschuppa, 2001) and applied to many
commercial technologies etc. (Dusseault et al., 1999, 2000a, 2000b).
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Chapter IX

Granular Flow

i Objectives of this Chapter

The motion of sand grains brings many additional complexities into
the dynamics of porous media.  Current descriptions of mechanical
properties have relied on mathematical models using plasticity
(Terzaghi, 1943) or hyperbolic equations (Cates et al., 1998).   It is
also possible to use phenomenological arguments to generalize the
previous equations of previous chapters to allow for solid flow, and
constrain the generalized equations to be consistent with established
physical theory in the appropriate limit.  This path is very tempting
and is one that can be used to model granular flow.  For example one
may introduce a yield criterion and megascopic frictional sliding
coefficients (which appear in the equations of motion in a fashion
somewhat similar to the shear and bulk viscosities of the fluid) which
along with the other megascopic parameters depend on the entire past
history of the deformation.  Such a theory would then be of use only
for curve fitting and its actual physical origins would be suspect.
Experimental observations of stress transmission in porous media
have contradicted standard models and support a diffusive
description of compressive stress transmission (Mueth, 2000).  Shear
stresses cause narrow zones of large relative particle motion with
surrounding regions that are essentially rigid (Da Silva and
Rajchenbach, 2000).  Transitions from porous media to granular
suspensions have also been observed to be quite sharp with very
uniform porosities in the region of granular flow.  When shear flow is
introduced into the flow of suspensions, particle numbers are
observed to be reduced in the regions of shearing.

The objectives of this book have been to restrict the discussion to
results based on rigorously constructed physical theory.  Thus in this
chapter a couple of stability problems which, subject to the
assumptions described, present solvable problems associated with
solid flow.  Generalizing the theory describing the flow of dilute
suspensions will also be discussed.  Here it is noted that new dynamic
variables are required making the resulting thermodynamics much
different than that which was discussed in previous chapters.  It is
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hoped that these special cases will yield insight into the problem of
granular flow and the nature of the problems that must be overcome.

ii Stability of a Porous Medium-Fluid Suspension Boundary

In this section the stability of the boundary of an unconsolidated
porous medium is considered.  Region 1 is taken to be the interior of
the porous medium in which the grains are immobile.  Region 2 is
taken as the region outside of the porous medium composed of a
fluid, which contains a dilute suspension of spherical sand grains.
The fluid and the suspensions are assumed to be of the same density
and fluid flow is assumed to be occurring across the boundary.   Thus
from the Einstein theory of suspensions one obtains

µ2 = µ1 (1+ 5
2

 φ2) (9.1)

For the motions considered the fluid and solid are assumed to be
incompressible.  The fluxes (by volume) of the fluid entering and
leaving the interface are η1 (v1 - u )⋅ n and η2 (v2 - u )⋅ n.  Equating
these two fluxes yields the boundary conditions,

η1 (v1 - u )⋅ n = η2 (v2 - u )⋅ n (9.2)

A similar equation holds for the solid component.  This equation may
be constructed by observing that the grains do not move in region 1,
and they move in unison with the fluid in region 2,

φ1 ( - u )⋅ n = φ2 (v2 - u )⋅ n (9.3)

The final boundary condition is given by

p1 = p2 (9.4)

The equilibrium configuration is now given by unperturbed motion
(uniform flow) at the boundary given by

v1 = V1 z ,  v2 = V2 z,   u = U z        (U < 0) (9.5)
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p1 = - 
µ1 η1

K
 V1 (z - Ut ) + po (9.6)

p2 =  po (9.7)

η1 V1 =  V2 = - 
φ1 - φ2

φ2

 U (9.8)

A perturbation may now be introduced yielding a description of the
stability of the boundary.  Here

v1 = V1 z + q 1 ,  v2 = V2 z + q 2 (9.9)

and the front is now given by  z = Ut + ζ(x,y,t) .

With the pressure boundary conditions

p1 = - 
µ1 η1

K
 V1 (z - Ut ) + po + π1 (9.10)

p2 =  po + π2 (9.11)

Thus

µ1 ∇
2
 q1 - ∇π1 - 

µ1 η1

K
 q1 = 0 (9.12)

∇⋅  q1 = 0 (9.13)
and

µ2 ∇
2
 q2 - ∇π2 = 0 (9.14)

∇⋅  q2 = 0 (9.15)

Thus the functions π1 and π2 must satisfy the Laplace equation, i.e.,

π1 =  f1(t) ek (z-Ut) E(x,y) (9.16)



206 Granular Flow

π2 =  f2(t) e- k (z-Ut) E(x,y) (9.17)

where E(x,y) ≡ ei (kxx + kyy)  and  k2 ≡  (kx
2 + ky

2).

Therefore

µ1 [ 
∂

2

∂z2
 - (k2 + 

η1

k
 )] q1 - ∇π1 = 0 (9.18)

µ2 [ 
∂

2

∂z2
 - k2] q2 - ∇π2 = 0 (9.19)

The P.D.E.'s  (9.18) and (9.19) have the particular solutions

 q1z = -  Kk
µ1 η1

f1(t) ek (z-Ut) E(x,y) (9.20)

q1z = 1
2µ2 

 zf2(t) e- k (z-Ut) E(x,y) (9.21)

At the front

u⋅ n = U - 
∂ζ

∂t
(9.22)

v1⋅ n = V1 + q1 z,  v2⋅ n = V2 + q2 z (9.23)

The three boundary conditions may be written as [using the notation
 ζ(x,y,t) = ζ(t) E(x,y) ]

d ζ
dt

 = 
φ2 U

2 µ2 (φ1-φ2)
 t f2(t) (9.24)

d ζ
dt

 = - Kk
µ1 (φ1-φ2)

 f1(t) - 
η2 U

2 µ2 (φ1-φ2)
 t f2(t) (9.25)
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µ1

K
 
(φ1-φ2)

φ2

 U ζ + f1(t) - f2(t) = 0 (9.26)

Eliminating f1(t) and f2(t), we obtain an equation of the form

(at +b ) 
d ζ
dt

 + ct ζ = 0 (9.27)

which has the solution

ζ(t) = ζ(0) e - |U| kt

1 - 1
2

 
( µ1/µ2) |U|

K k
 t 

 2K k2

µ1/µ2

(9.28)

The exponential factor diminishes ζ while the denominator augments

it.  At t=0, 
d ζ
dt

 vanishes (as is obvious from (9.24)) but as

t → 1
2

 
( µ1/µ2) |U|

K k

 -1

ζ blows up.  With K ≈ 10 - 11 m2, λ ≈ 1m , |U| ≈ 10 -6m/s, we find this
characteristic time to be 10 - 5 s.  Thus it is indistinguishable from t =
0.  Thus it appears that any perturbation is highly unstable from the
very beginning.  Thus the amplitude immediately exceeds the bound
set by a linear analysis.

iii Stability of a Particulate Boundary in a Porous Medium

In this section for simplicity one may consider a homogeneous
porous medium in which the matrix is composed of glass beads.
Inside this porous medium one has a plane boundary (at the
megascale) that separates a region of dilute suspension in a fluid on
one side and on the other side an unconsolidated but immobile pack
of these particles within the pore spaces of the larger particles.  The
entire porous medium is saturated with the fluid.
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Let  φ
'
 be the fraction of space occupied by the large particles (glass

beads say), let φ1 be the fraction of space occupied by the immobile
smaller particles (sand particles say) on one side of the boundary, let
φ2 be the fraction of space occupied by the suspensions on the other
side of the boundary, and let η1 and η2 be the fraction of space
occupied by the fluid on the two sides of the boundary.  Thus

φ
'
 + φ1 + η1 = 1 (9.29)

and

φ
'
 + φ2 + η2 = 1 (9.30)

The equations of motion and the incompressibility condition on the
two sides of the boundary are given by

µ1∇
2
v1 - ∇ p1 - 

µ1η1

K1
 v1 = 0 (9.31)

∇⋅ v1  = 0 (9.32)
and

µ2∇
2
v2 - ∇ p2 - 

µ2η2

K2
 v2 = 0 (9.33)

∇⋅ v2  = 0 (9.34)

Here K1 and K2 are the permeability on the porous medium side and
the suspension side respectively.  Also µ1 is the fluid viscosity and µ2
is once again given by equation (9.1).

The boundary conditions may be constructed through identical
arguments to those presented in section ii and are given by

η1 (v1 - u  )⋅ n = η2 (v2 - u  )⋅ n (9.35)

φ1 ( - u  )⋅ n = φ2 (v2 - u  )⋅ n (9.36)

p1 = p2 (9.37)
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We may ignore the ∇
2
v  terms since it will be assumed that λ >>  K

in the following stability analysis.  The first two boundary conditions
may also be written in the form

v1⋅ n = 
1-φ

'

η1
  

φ2 -φ1

φ2 

 u⋅ n (9.38)

v2⋅ n =  
φ2 -φ1

φ2 

 u⋅ n (9.39)

Thus

v1⋅ n = 
1-φ

'

η1
  v2⋅ n (9.40)

The following notation will now be introduced in analogy with
section ii

v1⋅ n = V1 + q1 z ,  v2⋅ n = V2 + q2 z (9.41)

p1 = - 
µ1 η1

K1
 V1 (z - Ut ) + π1 (9.42)

p2 = - 
µ2 η2

K2
 V2 (z - Ut ) + π2 (9.43)

where z = Ut + ζ(x,y,t)

Thus
π1 =  f1(t) ek (z-Ut) E(x,y) ,    π2 =  f2(t) e- k (z-Ut) E(x,y) (9.44)

and
q1 z = -k π1 ,  q2 z =  k π2 (9.45)

Substituting into the boundary conditions yields

η1 - η2  
∂ζ

∂t
 = - K1k

µ1
 f1(t)  - K2k

µ2
 f2(t) (9.46)
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φ1 - φ2  
∂ζ

∂t
 =  

φ2

η2
 K2k

µ2
 f2(t) (9.47)

µ2η2

K2
 V2 - 

µ1 η1

K1
 V1  ζ = f2(t) - f1(t) (9.48)

where
φ2V2 =  φ2 - φ1   U (9.49)

η1V1 =  
1-φ'

φ2
  φ2 - φ1   U (9.50)

Eliminating f1(t) and f2(t), we obtain an equation for ζ(t)

 ζ(t) = const ent (9.51)
where

 n = 

µ2η2

K2
  - 

µ1 (1-φ')
K1

µ2η2

K2
 +

µ1 (1-φ')
K1

  |U| k (9.52)

Thus the effect of the larger beads is to cause the boundary to be
slightly less unstable.

iv Flow of Suspensions in a Fluid

We study the coupled dynamics of grains and viscous liquid in the
earth's gravity.  More specifically we consider here phenomena such
as sand production and flows of suspensions.  Our aim is to establish
the forms of megascopic equations in terms of suitable sets of
megascopic variables.  It is clear at the outset that approximations are
unavoidable, and the hope is to find approximations that reflect the
essential features of the interactions taking place at the macroscopic
level.

In the present discussion the grains are considered.  In general, grain
rotations  (each about its center of mass) cannot be ignored.  Let
f(x,v, ω, t) d3x d3v denote the number of grains with center of mass
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position and velocity located in the phase space volume element d3x
d3v around (x,v,).  We now allow the distribution for f to have an ω-
dependence where ω denotes the angular velocity.  The equation
governing f is the transport equation

∂f
∂t

 +  v ⋅ ∇f + 1
m ∇v ⋅ fF  + 1

I
 ∇ω ⋅ fK  = 0 (9.53)

Here F (x,v, t) is the force exerted on a grain located at x and
having velocity v and K is the torque acting on a grain (the moment

of force about its center), and I = 2
5
 ma2

,
 
the moment of inertia.

The number density n(x, t)  and mean velocity  v x,t   of the grain
system are computed from f according to

n x, t  = fd3vd3ω
 
(9.54)

v x,t  = 1n fvd3vd3ω (9.55)

and

ρs x,t  = f m d3v d3ω (9.56)

is the mass density  ρs(x,t) = m n( x,t)

The transport equation (1) ensures the equation of continuity is
satisfied:

 
∂ρs

∂t
 + ∇⋅ ρs v = 0 (9.57)
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[pf:
  

∂ρs

∂t
 = 

∂

∂t
 fm d3v d3ω

= m
∂f

∂t
 d3v d3ω

= m -v ⋅  ∂if  d3v d3ω

= - m∂i f vid3vd3ω = - ∂im f vid3vd3ω

= -∂i ρsvi  ]

The (linear) momentum density is

Pi x,t  = fmvid3vd3ω
(9.58)

= ρsvi,

and the momentum equation for the grain system is

∂Pi

∂t
 + ∂j fvivjd3vd3ω = fFid3vd3ω  

(9.59)

If we decompose (as before) the force F

F = mg + F(2) + F(3) (9.60)

where F(2) is due to the fluid, and F(3) arises from the other grains,

then only mg + F(2)  is external to the grain system. We may rewrite
(9.59) as
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∂Pi

∂t
 + ∂j m fvivjd3vd3ω - τij  = f(mgi+F 2 i)d3vd3ω (9.61)

The RHS is the force density acting on the grain system, while inter-
grain forces affect the stress tensor τij, according to

 ∂jτij = - f F(3)id3vd3w (9.62)

Owing to grain rotations, the grain system now also acquires an
internal angular momentum density

 Mi x,t  = f Iωid3vd3w (9.63)

It satisfies the balance equation,

∂Mi

∂t
 + 

∂

∂xj

 f I ωivjd3vd3ω = f Kid3vd3ω (9.64)

Both equations (9.59) and (9.64) are consequences of the transport
equation.

The essential task remaining is to find a reasonable function for the
torque K, suitable for megascopic application. This torque is caused
by the presence of fluid, which is in constant contact with every
grain, and by the actions of grains that happen to touch the grains in
question. Here we consider the torque exerted by the fluid. To this
end we start by considering a case from ordinary fluid mechanics,
namely, the case of two concentric rotating spheres, with a viscous
fluid filling the space in between.

Two concentric spheres, rotating uniformly about different diameters
with angular velocities, ω2, ω1, cause the fluid between them to move
in a complicated manner, but the analytic solution is known (for
small Reynolds numbers), given by (Landau and Lifshitz, 1975)
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vf = 
R1

3R2
3

R2
3-R1

3
 1

r3
 - 1

r2
3

 ω1 x r + 1
R1

3
 - 1

r3
 ω2 x r (9.65)

where R2 and R1 (<R2) are the radii of the spheres. Using this
solution, one can calculate by way of the fluid stress tensor the torque
K exerted by the fluid on the inner sphere. The result is

K = - δπµf 
R1

3R2
3

R2
3-R1

3
 ω1 - ω1 (9.66)

Let us now think of the inner sphere as the solid grain at hand. We
can then transcribe R1→a (the radius of the grain) and ω1→ω.  But it
is necessary to eliminate any explicit reference to the outer shell in
favor of the state of the fluid in the neighbourhood of the grain
surface. The relevant quantity to compute is the vorticity ∇xvf,
evaluated at r = R1. The contribution from ω1 alone is

∇xvf  r = 2ω1 cos θ
(9.67)

∇xvf  θ = 
R2

3 + 2R1
3

R2
3 - R1

3
 ω1 sin θ

(with polar axis taken along ω1), while that due to ω2 alone is

∇ x vf  θ = -3 
R2

3

R2
3  - R1

3
 ω2 sin θ (9.68)

(here the polar axis is along ω2). The actual vorticity is the sum of
these two vector functions. Next, we compute the average of the
vorticity over the surface of the inner sphere,

∇ x vf  s ≡ 1
4πR1

2
 ∇ x vf dA (9.69)

The result is
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 ∇ x vf s = 2 ⋅ 
R2

3ω2 - R1
3  ω1

R2
3 - R1

3
 (9.70)

It is this vector constant which permits us to eliminate simultaneously
both R2 and ω2 from the RHS of equation (9.66) for K.
We obtain

K = δπµfa3 1
2

∇ x vf  s - ω (9.71)

The second term in the parentheses arises because a spinning ball will
cause the fluid, otherwise at rest, to exert a retarding torque on it. The
first term is the torque accompanying vorticity of fluid motion at the
location of the obstructing grain. In a megascopic theory these two
mechanisms must continue to operate. Thus we take for the torque
function K x, v, ω, t , appearing in the transport equation (9.53), the
following expression

K = δπµfa3k 1
2

∇ x vf - ω (9.72)

where k is some dimensionless quantity. As in equation (9.71), the
coefficient of ω here is (-1). For, if the system were to rotate rigidly
about the center of a particular grain, the grain would feel no torque.
Substituting  v f = ω x r  into the equation

1
2

∇ x v
f
 + ξω = 0 (9.73)

and solving for ξ, we find ξ = -1.

v Summary

It is observed that granular flow causes instabilities at the boundary
between an intact porous medium and a region of granular flow.  The
dynamics of the region of granular flow is much more complex in
behaviour than has been observed for the porous medium in the
previous chapters.  The nature of the interactions between the sand
grains brings new dynamic variables into the description of the
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motion.  The general problem has been formulated but a formal
thermomechanical description has not been completed.
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